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We consider the homogenization of an elliptic system with Dirichlet boundary condition, when the coefficients of both the system and the boundary datum
are ε-periodic. We show that, as ε → 0, the solutions converge in L2 with a
power rate in ε, and identify the homogenized limit system. Due to a boundary
layer phenomenon, this homogenized system depends in a non trivial way on
the boundary. Our analysis answers a longstanding open problem, raised for
instance in the book of Bensoussan, Lions and Papanicolaou. It extends substantially previous results obtained for polygonal domains with sides of rational
slopes as well as our previous paper [3] where the case of irrational slopes was
considered.
We consider the homogenization of elliptic systems in divergence form
−∇ · (A (·/ε) ∇u) (x) = 0,

x ∈ Ω,

(1)

set in a bounded domain Ω of Rd , d ≥ 2, with an oscillating Dirichlet data
u(x) = ϕ(x, x/ε),

x ∈ ∂Ω.

(2)

As is customary, ε > 0 is a small parameter, and A = Aαβ (y) ∈ MN (R) is a
family of functions of y ∈ Rd , indexed by 1 ≤ α, β ≤ d, with values in the set of
N × N matrices. Also, u = u(x) and ϕ = ϕ(x, y) take their values in RN . We
recall, using Einstein convention for summation, that for each 1 ≤ i ≤ N ,
h
i
(∇ · A (·/ε) ∇u)i (x) := ∂xα Aαβ
ij (·/ε) ∂xβ uj (x).
In the sequel, greek letters α, β, ... will range between 1 and d and latin letters
i, j, k, ... will range between 1 and N .
Systems of type (1) are involved in various domains of material physics,
notably in linear elasticity and in thermics In many cases they come with a
right hand side f . In the context of thermics, d = 2 or 3, N = 1, u is the
temperature, and σ = A(·/ε)∇u is the heat flux given by Fourier law. The
parameter ε models heterogeneity, that is short-length variations of the material
conducting properties. The boundary term ϕ in (2) corresponds to a prescribed
temperature at the surface of the body. In the context of linear elasticity, d = 2
or 3, N = d, u is the unkown displacement, f is the external load and A is a
fourth order tensor that models Hooke’s law.
We make three hypotheses:

i) Ellipticity: For some λ > 0, for all family of vectors ξ = ξiα ∈ RN d
X
X
X α,β β
ξα · ξα.
λ
ξα · ξα ≤
Aij ξj ξiα ≤ λ−1
α

α

α,β,i,j

ii) Periodicity: ∀y ∈ Rd , ∀h ∈ Zd , ∀x ∈ ∂Ω, A(y + h) = A(y),
ϕ(x, y + h).

ϕ(x, y) =

iii) Smoothness: The functions A and ϕ, as well as the domain Ω are smooth.
It is actually enough to assume that φ and Ω are in some H s for s big
enough, but we will not try to compute the optimal regularity.
We are interested in the limit ε → 0, i.e. the homogenization of system (1)-(2).
For the non-oscillating Dirichlet problem, one shows that uε weakly converges in H 1 (Ω) to the solution u0 of the homogenized system
(

−∇ · A0 ∇u0 (x) = 0, x ∈ Ω,
(3)
u0 (x) = ϕ(x), x ∈ ∂Ω.
The so-called homogenized matrix A0 comes from the averaging of the microstructure. It involves the periodic solution χ = χγ (y) ∈ MN (R), 1 ≤ γ ≤ d,
of the cell problem:
Z


−∂yα Aαβ (y) ∂yβ χγ (y) = ∂yα Aαγ (y),
χγ (y) dy = 0.
(4)
[0,1]d

The homogenized matrix is then given by:
Z
Z
0,αβ
αβ
A
=
A
+
[0,1]d

Aαγ ∂yγ χβ .

[0,1]d

One may even go further in the analysis, and obtain a two-scale expansion of
uε . Denoting
u1 (x, y) := −χα (y)∂xα u0 (x),
(5)
it is proved for instance in the book Bensoussan-Louis and Papanicolaou that
√
(6)
uε (x) = u0 (x) + εu1 (x, x/ε) + O( ε), in H 1 (Ω).
Actually, an open problem in this area is to compute the next term in the
expansion in the presence of a boundary. This is actually another motivation
for this work.
The main result of this talk is
Theorem 1 (Homogenization in smooth domains)
Let Ω be a smooth bounded domain of Rd , d ≥ 2. We assume that it is uniformly
convex (all the principal curvatures are bounded from below).

Let uε be the solution of system (1)-(2), under the ellipticity, periodicity and
smoothness conditions i)-iii).
There exists a boundary term ϕ∗ (depending on ϕ, A and Ω), with ϕ∗ ∈ Lp (∂Ω)
for all finite p, and a solution u0 of (3) with boundary data ϕ∗ , such that:
kuε − u0 kL2 (Ω) ≤ Cα εα ,

for all 0 < α <

d−1
.
3d + 5

(7)
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