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In this seminar I will present two results regarding the uniqueness (and further
properties) for the two-dimensional continuity equation{

ut + div (bu) = 0

u(0, x) = ū(x)

and the ordinary differential equation
∂Φ

∂t
(t, x) = b

(
t,Φ(t, x)

)
Φ(0, x) = x

in the case when the vector field

b(t, x) : [0, T ]× R2 → R2

is bounded, divergence free and satisfies additional conditions on its distribu-
tional curl:

curl b = −∂x2b
1 + ∂x1b

2 .

Such settings appear in a very natural way in various situations, for instance
when considering two-dimensional incompressible fluids.

(1) The case when b is time-independent and its curl is a (locally finite)
measure (without any sign condition). Uniqueness of bounded distributional
solutions to the continuity equation follows from a series of papers by Alberti,
Bianchini and myself. In such papers, we provide a characterization of two-
dimensional bounded divergence free vector fields enjoying uniqueness, in terms
of the so-called weak Sard property. The weak Sard property is a suitable mea-
sure theoretical version of the usual Sard property satisfied by “sufficiently dif-
ferentiable” maps between Euclidean space. It is possible to prove that the weak
Sard property is enjoyed by vector fields with measure curl.

(2) The case when b is time-dependent and its curl belongs to L1(R2). This
case is covered by a joint result with Bouchut, extending previous works with
De Lellis. This time the idea is to work at the level of the ordinary differential
equation, deriving effective estimates of stability and compactness under suit-
able bounds on the velocity. The result with De Lellis was addressing the case
of W 1,p velocities, with p > 1, and the upgrade with Bouchut sets the case in



which the derivative of the velocity is a singular integral of a summable function,
including in particular the case of L1 curl. This proves uniqueness, stability and
compactness of Lagrangian solutions to the continuity equation.

In the seminar I will present the main steps in the proofs in the two cases
described above. I will also sketch some possible improvements and extensions
and describe some applications.
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