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Free Boundary Value Problem in Rd

Bulk Phases
%t + div(% v) = 0,

(% v)t + div (% v ⊗ v + p(%) I ) = 0.

Phase Boundary
J%(v · n − σ)K = 0,
J%(v · n − σ) v + p(%) nK = (d − 1)γκn.

+ condition for entropy dissipation

For a well-posedness result with zero
entropy dissipation see
[Benzoni-Gavage, Freistühler 2004]
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Outline

Heterogeneous Multiscale Method

Microscale
Sharp Interface Model
A Curvature Dependent Pressure Function
Solution

Application of the HMM in 2d

Outlook
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Heterogeneous Multiscale Method

Ωvap
Ωliq

Γ

[Engquist et al. 2007]

Domain Ω ∈ Rd with fluid in two
phases at time t > 0

liquid Ωliq(t),
vapour Ωvap(t),
curved phase boundary
Γ(t) = ∂Ωliq(t) ∩ ∂Ωvap(t).

We consider physical quantities in
Euler coordinates (x, t)

density %(x, t) > 0,
velocity v(x, t) ∈ Rd .
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Heterogeneous Multiscale Method

Ωvap
Ωliq

Γ

Γh

[Engquist et al. 2007]

Domain Ω ∈ Rd with fluid in two
phases at time t > 0

liquid Ωliq(t),
vapour Ωvap(t),
curved phase boundary
Γ(t) = ∂Ωliq(t) ∩ ∂Ωvap(t).

Phase Boundary
Approximate Γ(t) with Γh(t)
consisting of element edges.
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Heterogeneous Multiscale Method

Ωvap
Ωliq

Γh

[Engquist et al. 2007]

Macroscale
Dynamics of the bulk phases Ωliq and Ωvap.
Model: Isothermal Euler equation

%t + div(% v) = 0,
(% v)t + div (% v ⊗ v + p(%) I ) = 0,

with a pressure function p that covers liquid
and vapour phase.

Van-der-Waals like Pressure p

%︸ ︷︷ ︸
vapour

︸ ︷︷ ︸
liquid
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Heterogeneous Multiscale Method

Ωvap
Ωliq

Γh

[Engquist et al. 2007]

Microscale
Dynamics at the phase boundary.

We assume that it is sufficient to consider a
1D Riemann type problem on the
microscale.

sharp interface
isothermal Euler equation and jump
conditions across the phase boundary

diffuse interface
Navier-Stokes-Korteweg model

7 / 24



  
  Institut für Angewandte Analysis und    
Numerische Simulation 

Heterogeneous Multiscale Method

Ωvap
Ωliq

n

r

[Engquist et al. 2007]

Transfer Operator
Macro- to microscale

data reconstruction
initial states for microscale problems

curvature reconstruction
applying Γh (figure: κ = 1

r )
level set function

κ = div
(

gradϕ
|gradϕ|

)
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Heterogeneous Multiscale Method

Ωvap
Ωliq

Γh

n

[Engquist et al. 2007]

Transfer Operator
Micro- to macroscale

data compression
fluxes for phase boundary edges

interface tracking
level set function

∂ϕ

∂t + (σ n) · gradϕ = 0
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Heterogeneous Multiscale Method
Algorithm

Macroscale: Euler equation
liquid phase
vapour phase

Microscale:
Riemann type problem
sharp/diffuse interface model

Macroscale:
curvature reconstruction
interface tracking

Reconstruction: Compression:

initial states

mean curvature κ

flux at
the phase
boundary

speed of
the phase
boundary
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Microscale
Sharp Interface Model

Within a macro time step, there are essentially Riemann problems to
solve:

(
τ, u
)
(ξ, 0) : =

{
(τ–, u –) for ξ ≤ 0,
(τ+, u+) for ξ > 0.

(RP)

In Lagrange coordinates (ξ, t):
specific volume
τ := %−1 > 0
velocity u ∈ R

τ–u –

τ+u+

ξ0

Γh
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Microscale
Sharp Interface Model (

τ
u

)
t

+
(
−u
p̃(τ)

)
ξ

=
(

0
0

)
in R× (0,∞). (Euler)

We solve the Riemann problem (RP) for the isothermal Euler equation
(Euler) such that
1. the solution in bulk phases is entropy solution,
2. there exists one phase boundary that satisfies

σ JτK + JuK = 0,
σ JuK + Jp̃(τ)K = (d − 1)γκ,

(RHκ)

3. Liu’s entropy criterion holds ([Liu 1974]).

σ speed of the phase boundary d spatial dimension
γ > 0 surface tension coefficient κ mean curvature
p̃(τ) := p(τ−1) Van-der-Waals Pressure JτK := τ– − τ+
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Microscale
A Curvature Dependent Pressure Function

We introduce a curvature dependent pressure function p̃κ:

p̃κ(τ) :=
{

p̃(τ) + (d − 1)γκ in the liquid phase,
p̃(τ) in the vapour phase.

(
τ
u

)
t

+
(
−u

p̃κ(τ)

)
ξ

=
(

0
0

)
in R× (0,∞) (Eulerκ)

The Rankine Hugoniot conditions for (Eulerκ) coincides with (RHκ).

Appropriate free energy

ψ̃κ(τ) :=
{
ψ̃(τ)− (d − 1)τγκ in the liquid phase,
ψ̃(τ) in the vapour phase.

such that d
dτ ψ̃

κ(τ) = −p̃κ(τ) and ψ̃κ + τ p̃κ = ψ̃ + τ p̃.
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Microscale
A Curvature Dependent Pressure Function

Generalised Maxwell construction for p̃κ

Pressure p̃ = − d
dτ ψ̃(τ) Free Energy ψ̃

︸︷︷︸
liquid

︸ ︷︷ ︸
vapour

τ ︸︷︷︸
liquid

︸ ︷︷ ︸
vapour

τ
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Microscale
Solution

(
τ
u

)
t

+
(
−u

p̃κ(τ)

)
ξ

=
(

0
0

)
in R× (0,∞). (Eulerκ)

Theorem [Z 2012]
The Riemann problem for (Eulerκ) with |κ| < C has a unique (Liu)
entropy solution. The solution consist of elementary waves and exactly
one phase boundary satisfying (RHκ).

entropy dissipativity condition:

σ JEκ(τ, u)K− JFκ(τ, u)K ≤ 0,

Eκ(τ, u) = 1
2 u2 + ψ̃κ(τ), Fκ(τ, u) = u p̃κ(τ).

For a construction, we follow [Godlewski, Seguin 2006].
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Microscale
Solution

Solution for a bubble of radius 1
with different surface tension coefficients γ.
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Microscale
Solution

Solution for a bubble of radius 1
with different surface tension coefficients γ.
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Application of the HMM in 2d (with P. Engel)

Macroscale Solver
Finite Volume method for the 2d Euler system
unstructured grid
cut cells along the level set zero
level set driving

∂ϕ

∂t + (σ n) · gradϕ = 0

curvature

κ = div
(

gradϕ
|gradϕ|

)
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Application of the HMM in 2d

%(x, 0) ={
0.3191 : inside
1.8063 : outside,

v(x, 0) = 0,
γ = 0.001
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Application of the HMM in 2d

%(x, 0) ={
0.3191 : inside
1.8063 : outside,

v(x, 0) = 0,
γ = 0
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Application of the HMM in 2d
Solution

%(x, 0) ={
0.35 : |x| ≤ 0.4
1.9 : |x| > 0.4,

v(x, 0) = 0,
γ = 0.0025

21 / 24



  
  Institut für Angewandte Analysis und    
Numerische Simulation 

Application of the HMM in 2d

Energy (cf. [Gurtin 1985])

E(%, v) =
∫

Ω

1
2% |v|

2 + W (%) dx + γ |Γ| , W (%) = % ψ̃(1/%),

Estat = min
{

E(%,0)
∣∣∣∣ ∫

Ω
% dx = const.

}
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Outlook

Macroscale
implementation in Dune / C++
interface tracking
curvature reconstruction

Microscale
Navier-Stokes-Korteweg model
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