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Gross-Pitaevskii equation

Time scaled Gross-Pitaevskii equation
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Time scaled Gross-Pitaevskii equation

5204

et & £ 1 & &
ie%0p)" + == AYF — S ([¥°)* = po)u” = 0.

Madelung transform (1927)

1 = Rexp(iS/e%)

Kung-Chien Wu Hydrodynamic Limit of the Gross-Pitaevskii equation



Gross-Pitaevskii equation

Time scaled Gross-Pitaevskii equation
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Hydrodynamic Structure

Hydrodynamic Variables
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Hydrodynamic Structure

Hydrodynamic Variables
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Hydrodynamic structure of GP
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Hydrodynamic Structure

The hydrodynamic Euler equation (p°, J)
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Hydrodynamic Structure

The hydrodynamic Euler equation (p°, J)

8tp€+V-J€= s
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Hydrodynamic Structure

The hydrodynamic Euler equation (p°, J)

8tp€+V-J€= s

S ® S 1
&

1 5
oS +V-( ) + ZPoVe© + §V(s0€)2 =

® Jg — Jo=povo, 5 — 0, and V- (povo) = 0.

Hydrodynamic Limit (¢ — 0 )
Lake equations (anelastic system) with nonconstant density po

V- (POU) = 07
Ot(pou) + V- (pou @ u) + poVm =0,
pou(x,0) = povo .
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Hydrodynamic Structure

Dispersive limit of the Schrodinger type equations

M. Puel (CPDE, 02); A. Jiingel, S. Wang (CPDE, 03);

F. H. Lin, P. Zhang (CMP, 05); T. C. Lin, P. Zhang (CMP, 06);
C.K. Lin, K.C. Wu (JMPA, to appear).
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Hydrodynamic Structure

Dispersive limit of the Schrodinger type equations

M. Puel (CPDE, 02); A. Jiingel, S. Wang (CPDE, 03);

F. H. Lin, P. Zhang (CMP, 05); T. C. Lin, P. Zhang (CMP, 06);
C.K. Lin, K.C. Wu (JMPA, to appear).

Question : How about V - Jy # 0 and 5 — o.
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Review Previous Work

Incompressible limit of the Navier-Stokes or Euler system
e classical solution: S. Klainerman, A. Majda (CPAM, 81).
e weak solutions: P.L. Lion, N. Masmoudi (JMPA, 98).
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Review Previous Work

Incompressible limit of the Navier-Stokes or Euler system
e classical solution: S. Klainerman, A. Majda (CPAM, 81).
e weak solutions: P.L. Lion, N. Masmoudi (JMPA, 98).

Incompressible limit with nonconstant density

e D. Bresch, M. Gisclon, C. K. Lin (M2AN, 05).

e D. Bresch, B. Desjardins, G. Métivier (06).

e N. Masmoudi (JMPA, 07).

e E. Feireisl, J. Mdlek, A. Novotny, |. Straskraba (CPDE, 08).
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Helmholtz Decomposition

Let f € Lf/po(’]l‘”), the weighted Helmholtz decomposition

f = Hylf] © Hylf]

with
divHy,[f] =0, H[f] = poVV.
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Helmholtz Decomposition

Let f € Lf/po(’]l‘”), the weighted Helmholtz decomposition

f = Hylf] © Hylf]

with
divHy,[f] =0, H[f] = poVV.

where W € DY2(T") is the unique solution of the problem
/ poVV - Vipdx = / f-Vdx, Yo € Dl’z(T”) )
o T

D2(T") : completion of C§°(T") w.r.t. |V - HL§/ (T7)-
PO

L%/po(T”) : weighted Hilbert space with the scalar product

< > / o
V, W >1/,= V-w—.
’ Jpo T Po
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Helmholtz Decomposition

(A) Conservation of charge

9 € € _

(B) Conservation of momentum (current)

9 o, 1o € e WE €Y — V(|2
S+ 5 (Ve © VI + VEE @ V) - V(0 P)]

1 1
+§V(90€)2 +—poVe =0.
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Helmholtz Decomposition

(A) Conservation of charge

9 € € _

(B) Conservation of momentum (current)

9 o, 1o € e WE €Y — V(|2
S+ 5 (Ve © VI + VEE @ V) - V(0 P)]

1 1
+§V(90€)2 +—poVe =0.

Define

JF = Hpo [J] + Hp [J°] = Hyo [JT] + po Ve,
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the equation can be rewritten as

e0rp® +div (poVwe) =0,

dM¢%Vwﬂ+¢%V¢:wj%F,

where
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the equation can be rewritten as

e0rp® +div (poVwe) =0,

dM¢%Vwﬂ+¢%V¢zwj%F,

where

5204

ﬁ:—zﬁmv(VW®Vﬁ+Vﬁ®Vw)

1HJ_V €\2 EZQHJ_VA €

—Hp V(7)™ + - H, VA,

It is obvious that 0:¢° and 0:(,/poVw*) are of order O(1/¢) and
are highly oscillatory as € — 0. So we have to introduce the wave
group in order to filter out the fast oscillating wave.
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e Introduction
e Wave Group

e Main Theorem and Proof
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Define the wave group L(7) = el 7 € R, where L is

() (5520)
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Define the wave group L(7) = el 7 € R, where L is
L( 10) >:_<div(pov)>.
NG N,

e The spectrum of L is equivalent to the spectrum of —V - (poV).
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Define the wave group L(7) = el 7 € R, where L is
L( 10) >:_<div(pov) ) .
N N,
e The spectrum of L is equivalent to the spectrum of —V - (poV).

o Let{rj, x;}72; be the spectrum of —V - (poV), where
0 < kK1 < kp < - - -,then the spectrum of L is

i\/Kj N } and {—i Kj N }
T\ VPOVX; T\ VPOVX; '
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Define the wave group L(7) = el 7 € R, where L is

L( 10) >:_<div(pov)>.
N N,
e The spectrum of L is equivalent to the spectrum of —V - (poV).

o Let{rj, x;}72; be the spectrum of —V - (poV), where
0 < kK1 < kp < - - -,then the spectrum of L is

i\/Kj N } and {—i Kj N }
T\ VPOVX; T\ VPOVX; '

Let
U — ©°
VpoVwe
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Define the wave group L(7) = el 7 € R, where L is
L( 10) >:_<div(pov) ) .
N N,
e The spectrum of L is equivalent to the spectrum of —V - (poV).

o Let{rj, x;}72; be the spectrum of —V - (poV), where
0 < kK1 < kp < - - -,then the spectrum of L is

i\/Kj N } and {—i Kj N }
T\ VPOVX; T\ VPOVX; '

Let
U — ©°
VpoVwe
We have 1 1
OpUf = ZLUS + —F°.
t - 7o
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L(7) = et : the evolution group associated with L.
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L(7) = et : the evolution group associated with L.

e £(7) is unitary in Hilbert space L2(T") x (L2)"(T™).
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L(7) = et : the evolution group associated with L.
e £(7) is unitary in Hilbert space L2(T") x (L2)"(T™).

e L(7) is uniform bound in H*(T") x (H*)"(T"), for all 7 and s.
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L(7) = et : the evolution group associated with L.
e £(7) is unitary in Hilbert space L2(T") x (L2)"(T™).
e L(7) is uniform bound in H*(T") x (H*)"(T"), for all 7 and s.

We also define
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L(7) = et : the evolution group associated with L.
e £(7) is unitary in Hilbert space L2(T") x (L2)"(T").
e L(7) is uniform bound in H*(T") x (H*)"(T"), for all 7 and s.
We also define - E(_t> U
. ;

by applying the operator £(=£), V* satisfies

atvezc(i)iﬁs.
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Define £(£)Ve = (L1(£)Ve, Lo(E)V?)!

£
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Define £(£)Ve = (£1(L)V=, Lo(2)VE)!

= div ( H,, [J°] ® H), [JE])

+div (L2(2)V @ Lo(£)V) + 3V (I£2(£) V)
T VAp .
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Define £(£)Ve = (£1(L)V=, Lo(2)VE)!

= div ( H,, [J°] ® H), [JE])

+div (L2(2)V @ Lo(£)V) + 3V (I£2(£) V)
T VAp .

e The resonances may occurs on red part, and it happens if and
only if +/k; £ /K £ \/kx = 0, for some i, j, k.
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Define £(£)Ve = (L1(£)Ve, Lo(E)V?)!
= div ( Hl[J°] @ Hp[J7])

+div (L2(2)V @ Lo(£)V) + 3V (I£2(£) V)
T VAp .

e The resonances may occurs on red part, and it happens if and

only if +/k; £ /K £ \/kx = 0, for some i, j, k.

EQ(é)V |2)

e The red part = 5oV (| e
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Assumptions of the initial conditions

(A1) 4§ e H2T3(T",C), po > c > 0.
(A2) J5 — Jo = povo + poVwp in L2(T"), where V - (povp) = 0.
(A3) @ — o in L2(T") and £V \/pg — 0 in L2(T").

(Ad) Let{r;};2; be the spectrum of the elliptic operator
—V - (poV), then £\/k; £ \/Kj + \/kx # 0, for all i, j, k.
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Assumptions of the initial conditions

(A1) 4§ e H2T3(T",C), po > c > 0.
(A2) J5 — Jo = povo + poVwp in L2(T"), where V - (povp) = 0.
(A3) @ — o in L2(T") and £V \/pg — 0 in L2(T").

(Ad) Let{r;};2; be the spectrum of the elliptic operator
—V - (poV), then £\/k; £ \/Kj + \/kx # 0, for all i, j, k.

The divergence free part : lake equation (anelastic system)
V. (pou) =0,
d(pou) +V - (pou ® u) + poVr =0,

IOOU(Xa O) = pPoVv.
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Limiting Equations (Oscillating part)

The oscillating part :
OtV + Q1(u, V) =0,

V(x,0) = (o, lefoJo).
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Limiting Equations (Oscillating part)

The oscillating part :
OtV + Q1(u, V) =0,

V(x,0) = (o, lefoJo).

Q1(u, V) = lim 1/075(—5)K(u, V)ds,

T—00 T

0
K(u, V) = ( \/%Hj‘odiv(\/ﬁ)u(gﬁz(S)V—F\/P>0»C2(5)V®U) ) '
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e QHD Model
e Wave Group

e Main Theorem and Proof
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Theorem

Let 1)° be the solution of the Schrédinger equations and vy satisfy
the assumption of the initial conditions (A1) — (A4), then there
exist T, > 0 such that

p° — po strongly in  L*°([0, T; Lz(T”)) ,

J5 — pou  weakly x in  L>([0, T]; LY3(T")),

where u satisfy the lake equations.
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Step 1: Construct Energy Equations.
e For GP

d [1

1 2
2« £12 €12
— V +— —po) dx=0.
dt Tn 2€ | w | 25201/} ’ 0) x
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Step 1: Construct Energy Equations.
e For GP

d [1

1 2
2« £12 €12
— V +— —po) dx=0.
dt Tn 2€ | w | 25201/} ’ 0) x

e For limit system
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Step 1: Construct Energy Equations.
e For GP

d [1

1 2
2« £12 €12
— V +— —po) dx=0.
dt Tn 2€ | w | 25201/} ’ 0) X

e For limit system

d 1 5 5
— - +|V|9)dx =0.
dt/Tn2(p0|u| VP)dx =0

Step 2: Compactness of {V¢}. (Lion-Aubin Lemma).
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Step 3: Construct the modulated energy functional

Hs(t)_;/n

1
—+— |¢E—£1(§)V’2dx.
2 Jn

2

(gav —i[v+ ﬁzg(g)v])zps dx
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Step 3: Construct the modulated energy functional

-4,

1
—+— |¢E—£1(§)V’2dx.
2 Jn

2

(gav —i[v+ ﬁzg(g)v])zps dx

e Assumption of initial conditions: H%(0) — 0 as € — 0.
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Step 3: Construct the modulated energy functional

Hs(t)_;/n

1
—+— |¢E—£1(§)V’2dx.
2 Jn

2

(gav —i[v+ ﬁzg(g)v])zps dx

e Assumption of initial conditions: H%(0) — 0 as € — 0.

Step 4: Prove H*(t) — 0 as e — 0.
e Consider the evolution on H® and use Gronwall inequality.
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Step 3: Construct the modulated energy functional

Hs(t)_;/n

1
—+— |¢E—£1(§)V’2dx.
2 Jn

2
dx

(aav —i[v+ \/%Lg(g)v])zps

e Assumption of initial conditions: H%(0) — 0 as € — 0.

Step 4: Prove H*(t) — 0 as e — 0.
e Consider the evolution on H® and use Gronwall inequality.

Vlasov-Poisson: Y. Brenier (CPDE, 00), N. Masmoudi (CPDE, 01),
H.K., Daniel (CPDE, 11).

Magnetohydrodynamic: F.C. Li, S. Jiang, Q.C. Ju (CMP, 10).
QHD : C.K. Lin, H.L. Li (CMP, 05).
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Conclusion

e If there is no resonance, we perform the mathematical derivation
of the lake equation (anelastic system) from the classical solution
of the GP for general initial data and nonconstant density.
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Conclusion

e If there is no resonance, we perform the mathematical derivation
of the lake equation (anelastic system) from the classical solution
of the GP for general initial data and nonconstant density.

e If density pp = 1, the non-resonance assumption can be removed.
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Conclusion

e If there is no resonance, we perform the mathematical derivation
of the lake equation (anelastic system) from the classical solution
of the GP for general initial data and nonconstant density.

e If density pp = 1, the non-resonance assumption can be removed.

e Some reference discuss about resonance
N. Masmoudi (Ann. Inst. H. Poincare, 01),
R. Danchin (Amer. J. Math., 02; M2AN, 05).
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Epilog

THANK YOU
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