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Mass flow ( > 0)

% Present concern

u2 A
y: distance from the wall
k=10
k=6 us(y) — uz(0) x ylny
k=2 = == x Iny (— oo as y — 0)
k=1 J
k=0.6 For small k (near continuum limit)
Sone (1969, 2007)
(structure of the Knudsen layer
in the generalized slip-flow theory; BKW or BGK)
heat S
For large k (near free molecular limit)
Chen-Liu-T. (preprint)
(math. proof for the hard-sphere gas)
0 D/ 2 X 1 Logarithmic divergence is expected,

irrespective of the Knudsen number

cf) Lilly & Sader (2007, 2008)
empirical arguments by a power-law

6
fitting to numerical data




Purpose of research

fo confirm

» the same logarithmic gradient divergence occurs irrespective of
the Knudsen number

fo show

 the above spatial singularity of weighted average of VDF
iInduces another logarithmic gradient divergence in molecular
velocity on the boundary

to identify

* the origin of the above singularities, proposing a simple
damping model

Method: analysis + nhumerics

These features should be observed generally on a planar boundary, though we
deal with only the thermal transpiration here.
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Setting of a specific problem

z2,  (Thermal transpiration)
e
@ Assumptions
i * Boltzmann equation (hard-sphere gas)
Rarefiéd gas : . Idci:flfLis<e1reflecz‘ion boundary condition
§ ~ Linearization around a reference
& absolute Maxwellian
g
2 Then formulate the problem for
@) .
= the perturbation from a local
—1/2 0 r1 Maxwellain with the wall

temperature and the uniform
reference pressure 9
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Rarefied gas
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)0, 1 1

- . - [ 2
Gig - B kv(C)m kKH G2(]¢|” —
1

bc. = Oj C]_ § O L1 = Z|Z§

f

);

[\'.'J|('.ﬂ

o(z1,¢): perturbation of VDF (divided by C)

(: dimensionless molecular velocity

EB(|¢|) = m2/2 exp(—|¢|?): normalized reference absolute Maxwellian

Hard-sphere gas
Iq
(1)) = \1,(1 —I¢P) + 2161+ 150 [ ex1>(f2wf)._

K[®] = / (€, C)B(E)E(|€])de.

Vi1 ﬂp(lé’XC’g)_\/ﬁ
VElE-a P \le—¢E) 22

(€, €)= 1€ — <l

10



L2

A
i’ — = ——v([|)p + —K|[¢] — ¢ 2.
Rarefied gas ﬁ% Cl 835‘1 k‘ (‘C‘) ’ —I_ k. [CD} CQ(IC‘ 2 ),
: 1
b 0-0, GS0m-zi
= ” " NOTE 1

This problem can be solved formally as

1
¢ :/ Ll exp (— v(Ic) |z — a\) K[¢|(s,C)ds + @9, (1 20,

+1/2 kC1 k| (|
where
ko e, 1 > (
Op = L’(‘C‘)[l exp( !1'-C1 (‘{1:&2))]1 Cl <U
I=G(CP-5).

11



arefied gas

o0, 1 1

i _— _ 2
Gig - B kv(C)m kKH G2(]¢|” —
1

b.c. 6’5 — Oj C]_ § O L1 = Z|Z§

);

[\'.'J|('.ﬂ

“All the moments of ¢ up to the second order vanish

P NOTE 2

¢ /(s can be sought as a function of three variables
(x1,C1,|C|) or (x1, 1, ) by using new coordinates

— |<|J M:CI/C; ta,Il(,O:C:g/CQ,

except for the mass flow u, in the xo-direction

_ / CdE(|C))dC

E(|¢]) = 3"6*11)( \C\ )
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Gradient divergence of u : Basic structure

N 1 ,
ik b+ —K|o
i =~ AICDS + £K16] = GallC P -

| ] _ 1
b.C. @ - O Ql § U gy = :|Z§

);

[\.'JIU{

This problem can be solved formally as

oo ( v(I¢1) ) p—_—
O = —— XD — o|(s,C)ds + &g, (1 20,
/:T_l/Q e plg o e 6) voors

where

TN ([} PR, T MO
@D__,’J(‘CU[]__LRP (_ (Eli._))-[ Ll%“

: . 5
f = QQ(‘C‘Z — 5)-



Gradient divergence of u : Basic structure

i a@ — 1 f 117',;;' 2
Qlaﬂﬁ = kV(\C)@‘F s Ga(|¢]
1

b.c. (b — O Cl § 0 L1 = :|Z§

),

bO | Ot

This problem can be solved formally as

i /_M(!Cl) .

[ER'E B

(;,_} — = I = ;'1 — JAY f*_\r{g g}{f‘; —|— (_’J{] Cl % U.
Jx1/2 G \  K[C] /
where
. i (C), 1 ) |
hp = — 1 —exp (— (1 =) )|L, ¢1 =0,
=D kG T 20T R
: . 5
I=((¢)? - 3)-



.1!-2[(350 — [CQOUE(fC (3«;1 -+ 1/2) 111 |$1 + 1/2|
fo Z / H(Q 2 (ﬂz —6)a;Ei(1, a;) exp(—¢?)d(

Z/

4}1 > 2 5) Lo
~ 3, M(C)(C —5)‘9}{1}(—Q )d¢,

(4 + a; — (12) exp(—a; — (%)dC

where

1 el |
@y = y(({) e £ =}, Ei{ll,a >0) = / — exp(—aux)d.
1

£

| — 1 (1
Ei(l,a >0)=—y—Ina+e “ Z — (Z ) a", (~: Euler’s constant),
-
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Gradient divergence of u : Basic structure

- a@ 1 ﬂ 1 L[ A 2 O
g =~ pA1CN +te] — GalICP - ).
1
b.c. f — 0j C1 § 03 L1 = :|:§.

This problem can be solved formally as

| A7 o] R T

Oo% )
=

J:Fl/z k(1 \ HCll l Y,

f__"_} —

where
ki v([€]) 1 )
0) — 1l —exp | — 75 W e I =)
I—CQ(‘CP—g)-
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Gradient divergence of u : Basic structure

9 1 1 . 5
o = — (¢ + =t — I —
g =~ (1C1)0 + e — GaICP — 2).
F 1
be. =0, G0 &= i§
I 1
= — ex xr1 — s|)1ds
This problem can be solved | b0 = F1 (1 p( k|<1|| . |)
7 | (v o o
o =7 = an W = % AT s + 0. C =1
Jx1/2 G \ PG| . TETO As
where
b /e, 4 1)
_ 4= — €r1 & — I =0
I—CQ(‘CP—E)-
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Gradient divergence of u : Basic structure

90 1 o1 ,
i = =100 + K T6] — Ga(Ig
1

be. =0, G0 &= iﬁ'

| O

2).

I 1
by = —exp(— Y |:}::1—5|)Ids

This problem can be solved | i (1 k|<1|
I | ( v(|¢]) ) o = &S
O = —exp | ———F |1 —s| | K|o|(s.()ds + og. (4 20,
fﬂm kG k|G S’ s
where
_ k v([¢]) /| ) :
D — — 1 —ex —= &ry] T — I = [}-»
) 5
I=0G([¢)7 - 3)-
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Gradient divergence of u : Basic structure

DD _ _ZU(IKDd + = K] — G2 = 2),
4'18.1;1 kV(\C)QJr . (0] — C2([¢] 2)3

| | 1
be. =0, G0 &= ii

I 1
by = —exp(— Y |:}::1—5|)Ids

This problem can be solved | F1 (1 k|1
Ty
1 , s _
%) :/ —— exp (— V”SU iy — a\) Kl¢](s,{)ds + ¢o, ¢ 20,
+1/2 h(a |Gy
where
k v(¢l), 1
Oy = — 1 — exp (— S By =Y N, =20
0D kG “tED
5 D
I = G([€]° — 5)
Since the structure is the same, the same singular nature is expected from 20

the K part (as far as the K behaves well).



Mass flow profile near the boundary

Mass flow ( > 0)

ﬁlﬂﬁg ' | % LEN S 1
S &) .
1.02 | . S 1
q - 1 i
b e o T )
101F TSSos S NN
10 SNy . \R
1 el
0.495 0.496 0.497 0498 0.499 0.5
L1

open circle: present numerical result
solid line: least mean square approx.

a+b(1/2—x1)In(1/2 —x1) +c(1/2 — x1)



Mass flow profile near the boundary

Mass flow ( > 0)

u9 A
510; I{._ ' I L % SN TN TN T ]
k=1 = 0 L
k=6 || T W Nt RO
k=7 ‘ 2102 c— < il
k=1 .ﬁ. L = b o ) D
k=0[6 | \g {_ S : S . S .
| /'_‘\]U-l B 2 - = W ~ 1
heiﬂow S : 10 S RO\
= SRR,
ASe i S '-":\
(l) 1/2 :I:’]_ E l I AT YN YT T ST Y Y Y T T EE:“
- 0.495 0.496 0.497 0.498 0.499 0.5
k a b c L1
10 0.3468 1-0.1640' 0.1304  snen circle: present numerical result
6  0.2940 |-0.1728| 0.1196 o
2 0.1907 -0.2003 0.0603  solid line: least mean square approx.
1 0.1337 |-0.2221] -0.0159

0.6 0.0969 -0.2378 -0.106 a+b(1/2 —x1)In(1/2 — 1) + ¢(1/2 — z1)
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Velocity distribution function
on the boundary for|{| =1

(a) k=6 (b) k=1 (¢) k= 0.6
[T i ] 0.2 I R S T
[]8 :_ (/ :\\/‘ - E 0.12 :‘ //( \
o - 0.15F i i/ ]
g ; 0.08 | ]
: 0.04
0.2 0.05 i
................. b 4 0
-0 0 0.5 —0.5 0 0.5
: G1 G1

Common feature for impinging molecules
to the boundary, almost parallel to it

24




~1/2 4 ] |
dy = { —-{/2 RG €XP (_A:cl (5 - ")) K|o](s,€)ds + ¢o,
'T 0

(1 < i

oo = —(k/v)[1 — exp(—v/kG)]I for (1 > 0,

BGK (or BKW) model: K[gb] = QCQ’ILQ[Gf']

K|[¢](s) is singular in s at s = = as (s
because of us|p|(s) but is regular in |

We expect the same property
for the Boltzmann collision kernel

2)In|s F

DO | =

Cl = O

25



Evidence

1

. 1
K[8] =(G/IEDIF= (G, K5 = 5)Inls = 5] + £ (G ¢1) (s + 5) (s +

5 )

1
2

+ fo(C1, IS + D 5™ fm (1, ICD].

m=1

26



_ { flﬁz ké‘ e (—ﬁ(% - 3)) K|p](s,¢)ds + ¢o, (1 >0,

0, €5 <l
/ L . 1 1 o 1 ] |
Mﬁsiﬂow( + 0) Ko :(C2/|C|)[E(C1- €]) (s — 5) In |s —j+ FrlGulgliis=+ 5} In(s + 5)
2 o \
+ fo(C1, [CD) + D 8™ fm (1, ICD].
k = =1 \

N

\
¢ ~ (11In (7 for small (1 > 0 and thus
its gradient diverges logarithmically
as (1 — 04

27




Numerical validation

i | | g |
b = / —— exp ( M(‘FU i — .a) K|o|(s.€)ds + ¢g, (1 20,
172 kG k|G '

:F

Two methods have been tested for numerical integration
Method 1. Piecewise quadratic interpolation in s
Method 2. Piecewise quadratic + slns interpolation in s

for K[¢] from its discretized data

|

) " . l .
Klo] =(C/IC)[f- (1, |€]) (s — 5 l1l|"_—| F (G, | €] (G 111( )

l\:;ln—k

FhlGleh + S s (Gl This part s miSSi”Q In Method 1

m=1 28



Evidence
Velocity distribution func. on the boundary

. _ £U1=%,|C|:0.5
(a) k=06 (b) k=1 (c) £ =0.6

2.85 T 0.349 ——

oE /(2

0.348

2.846 Lot el

0.347 Lt

0 000l —0.002 0 0005 001 0 0005
C1In |Gy | G ln ¢y G In |Gy |
grid Note
coarse intermediate fine
Method 1 C1 |1 F1 Slow convergence
Method 2 C2 - F2 Satisfactory convergence
29

E Validate the logarithmic singularity of VDF on the boundary
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Contribution to macroscopic singularity

4 . )
ina N | g _
) :f —— exp ( ”(‘_CU |y — 5) K|o|(s,C)ds|+ ¢, (1 20,
+1/2 kG k|G )
/
o ) e ) . 1 1 , s 1 . 1,
K|o] =(C2/|C]) [ f— (¢, I€])(s — 5_) In|s — §| + FrlGylCl) s+ 5}111(5' e 5)

+ fol(C1, |C|) + Z '-“_"mfm(cl- ‘Cm

m=1

1. No contribution from ¢; > 0 (impinging side)

2. Contribution only from fy({; = 0, [(])
for (; < 0 (reflected side)

= same as the contribution from

so= [ Fexp (= far sl Id
0= —exp | — r1 — S s
F1 Cl k’Cl’ : .



Keeping in mind the item 2 in the previous slide, we define

I 1
f / —exp x —S)Ids
~ g

v 1
Ll —s| )& 0pi—yrd <0
T / Fi k(q €Xp ( k’Cl’ |w1 Sl) k w”@—&m-i% s, s

= ] Y e o : _
Note: ¢ —/ G 5 ( f..(\.hCU g — s|) K|o](s,C)ds + ¢g, (1 20,

+1/2 PG

_ - - | v 1 o .
= _;(Eﬁ @] —I)|¢,=0, z1=+1/2 €XP (_;;Ql (Z1F 5)) , (1 =0. (5.1)

The singularity of us|¢] should be reproduced by
the corresponding moment uy|f] of f

Equation (5.1) 1s the solution of a simple damping model

J % ;
G f_ =i—erf, (5.2a)
()il
!] 1 e 1 | Y 1
]C — ——( I‘L [(’J] = I)|C1:D1 2y=+1/2) C_»l g 0, L = ZII]_/E ()2b)



Keeping in mind the item 2 in the previous slide, we define

I 1
f / —exp x —S)Ids
~ g

v 1
Ll —s| )& 0pi—yrd <0
T / Fi k(q €Xp ( k’Cl’ |w1 Sl) k w”@—&m-i% s, s

Note: o —/ | LPxp ( V__(‘FU g — s|) K[o|(s.C)ds + &g, (¢ 20,

+1/2 PG

_ - - | v 1 o .
= _;(Eﬁ @] —I)|¢,=0, z1=+1/2 €XP (_;;Ql (Z1F 5)) , (1 =0. (5.1)

The singularity of us|¢] should be reproduced by
the corresponding moment uy|f] of f

Equation (5.1) 1s the solution of a simple damping model

J v ;
(1 F =, (5.2a)
()il
!] 1 - 3 | i 1
]C — ——( I‘L [(’J] = I)|C1:D1 2y=+1/2) C_»l g 0, L = ZII]_/E ()2&)



Keeping in mind the item 2 in the previous slide, we define

I 1
f / _eXP T —S)Ids
~ ey
*/ exp (= ey — o) £ K o) b G0
7 & r1— S| )+ _ B S
% kCI p k’Cﬂ 1 k Cl—o,xl—:lz% ) 1 =

it 1 % ) _
Note: c:")—/ ———EeXp ( J__H_CU\.Q —s|) K[o](s,{)ds + ¢g. (1 20,

+1/2 kG

_ k.1 | % | : : .
= _;(Eﬁ @] —I)|¢,=0, z1=+1/2 €XP (_;;Ql (Z1F 5)) , (1 =0. (5.1)

The singularity of us|¢] should be reproduced by
the corresponding moment uy|f] of f

Equation (5.1) 1s the solution of a simple damping model

O v _.
Bz 5T (el

ko1 . | -
F=—-RK] =djlgi=8, m=tifp: G50, @5 =175 (5.2b)



Keeping in mind the item 2 in the previous slide, we define

I 1
f / —exp x —S)Ids
~ g

v 1
+ / Fi k—CIGXp ( |z — Sl)EK[qﬁ”QOaxli%dS’ (150

k|C1|

| = ] J/(‘CD o _ _
Note: ¢ —/ ———eX] >~z — 8| | K[&](s,{)ds + ¢o, (1 20,
+1/2 kG k|G i

, I . | 7 1 ; .
f=—(+K|¢o| —1)|¢,=0, zi=41/26XP | —7 (1 F 5 ) G1s0. (5.1)
vk kG

Note: The singularity of us|[¢] should be reproduced by
the corresponding moment uy|f] of f

Equation (5.1) 1s the solution of a simple damping model
Ll — = (5.2a)

f=——(=K[d] — I)|¢,=0, zi=%1/2, 61 S0, 3 ==+1/2. (5.2b)



Keeping in mind the item 2 in the previous slide, we define

I 1
f / —exp x —S)Ids
el

v 1
Ll —s| )& 0pi—yrd <0
T / Fi k(q €Xp ( k’Cl’ |w1 Sl) k w”@—&m-i% s, s

| = ] J/(‘CD o _ _
Note: ¢ —/ ———eX] >~z — 8| | K[&](s,{)ds + ¢o, (1 20,
+1/2 kG k|G i

, I . | 7 1 ; .
f=—(+K|¢o| —1)|¢,=0, zi=41/26XP | —7 (1 F 5 ) G1s0. (5.1)
vk kG

Note: The singularity of us|[¢] should be reproduced by
the corresponding moment uy|f] of f

Equation (-5.1) 1s the solution of a simple damping model

il = ——1, What does it mean physically?  (5.2q4)

ko1 X . .
f :{ .U(A K [(_J] S I)l‘:I:CH Ilil/gj (_'1 g (]' L = ZIZ]_/Q ()Qb)




Origin of the spatial singularity

What is it?

I = ——(kf’i O —1I)|e,=0, 2y=+1/2. G S0, 17 =x1/2.

Let us go back to the original problem...

do 1 1 G _
(r— = ——Lf (1€))o + =K o] — (of ‘C‘ = (2.3a)
()J'l k 2
{ & - 1 I s I
b.c. ) = 0. Cl g 0. L = Z}:E (_23!))
Since ¢ is a solution of (2.3a)., we have
5.1 . o
!1 Cl—“) (’LI&E }—I)‘Q:D for —1/2<!1<1/2
vk
This expression gives the limiting value of ¢ for (; = 0+ and x; — £1/2, and thus we
have the following relation on the boundary Impinging side limit
:2 1 [note: reflected side =0]

(AI‘[” —I)|¢,=0, zi=+1/2 = O(x1 = £1/2,(; = 0f) — d(wy = £1/2,( = 04).

37

L/




Equation (5.1) 1s the solution of a simple damping model
. OF 1/
1 diaq B If
ko1 ) |
f — V(,Zl K [r)] G I)|q1:01 r=+1/2. | 1 § 0. 5y = il/}_

Discontinuity of VDF on the boundary at (1 = 0

(5.2a)

(5.2b)

(b) k=1 (¢) k=0.6
0.2 pr—rrrmrre, e e
. i i (}.12_- ’7/‘\
. 0.15F } , ;
or 0.08 ;
- 0.1F - :
i 0.04 F
2 - 0.05 ~ i .
0 _I PR SR IR SR N ; T S R N T | |_ U _I TR S Y RN TR T | ; |||||||| __ [] _I T S N Y TR T | i ||||||||
—0.5 0 0.5 —0.5 0 0.5 —0.9 0 0.5
7 S Tl 2 G1 G1

Spatial singularity (z;+

%) In |2+ %\ of us|@| is the trace

of the discontinuity of ¢ on the boundary at (; = 0. It is
produced by the damping of discontinuity through the

collision frequency v.



Comparison of the coefficient b of x In x
Original problem vs. Dumping model

a+b(1/2—ux1)In(1/2 —a1)+c(1/2 — 1)

b

uz(p]  u2lf

k

10 -0.1640 -0.1641
6  -0.1728 -0.1730
2

1

-0.2003 -0.2005
-0.2221 -0.2223
0.6 -0.2378 -0.2379

b Numerically validated
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Conclusion

* The logarithmic gradient divergence of
macroscopic quantity is confirmed irrespective
of the Knudsen number.

* The spatial singularity of weighted average of
VDF induces another logarithmic gradient
divergence in molecular velocity on the
boundary.

* The origin of the above singularities are the
discontinuity of VDF on the boundary and can
be expressed by its damping through the
collision frequency

40



Conclusion (# comments)
Our argument applies to

» Cut-off potential models, for which the splitting
of the collision integral can be made

 More general boundary condition such as the
Maxwell boundary condition (specular+diffuse)
and other non-diffuse conditions

41
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