An Error Estimate

Erlend B.

Storrgsten
N L' Error Estimates for Difference
Rest Approximations of Degenerate
P canraton Convection-Diffusion Equations
Adaptation to

Errorestimate

Treatment of
Errorterms

Erlend B. Storrgsten.
Joint work with K. H. Karlsen and N. H. Risebro.

Centre of Mathematics for Applications
University of Oslo

Padova
28.06.2012

2N Centre of
) UNIVERSITETET Mathematics for
1 0OSLO -
Applications




An Error Estimate

Erlend B. The Equatlon

Storrgsten

e We consider the strongly degenerate
convection-diffusion problem:

Introduction

LY Contraction atu + aﬁl?f(u) = 8%14(“), ("E7 t) e HT’

édaptation to 0 (]_)
S u(z,0) = u’(z), r €R,

Errorterms

where Tl = R x (0,7). A € C*(R), A(0) = 0,4’ > 0.
f € Liploc(R)'
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{@u + 0 f(u) = 2A(w), (z,t) € I,

Introduction

(1)

u(z,0) = u’(z), z €R,

where Tl = R x (0,7). A € C*(R), A(0) = 0,4’ > 0.
f € Liploc(R)'

e J. Carrillo [1]: For ug € LY(R) N L>=(R), there exists a
unique solution u € C((0,T); L' (R)), v € L>®(IIy) of
(1) such that 9, A(u) € L?(IIt) and for all convex
functions S : R — R with ¢4 = f'S" and ry = A'S’,

S (u) + 0zqs(u) — Porg(u) <0

in the weak sense on [0,7") x R.
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Viscous Approximation

ul + f(uh)y = A(u") gz + Mgz, (x,t) € U,

u'(x,0) = u’(z), x €R.

e S. Evje and K. H. Karlsen [2]:

L
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u? + f(un)q: = A(un)azx + Mgy, (ma t) € lr,
u'(x,0) = u’(z), x eR.

L Contraction

Adaptation to
Errorestimate

Treatment of

Errorterms e S. Evje and K. H. Karlsen [2]:

Hun(ta ) - u(tv ')HLl < C\/ﬁ

e Concerning the corresponding boundary value problem
R. Eymard, T. Gallouét, R. Herbin [3]:

ety (2, ) = u(t, )l < C .
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Finite Difference Scheme

Let m; = jAz, I; = [xj_1/2,7j11/2). We consider the
semidiscrete finite difference scheme

uy(1) + D F(ug,ujer) = DDy Aluy),
ui(0) = & flj u® () dz,

where F' € C'(R?) monotone and consistent with f.

D+Uj =
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D-oj = Az
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Result
Let

’U,Am(.fl?,t) = U](t) for x € I] == [$j—1/2’xj+1/2)' (3)
Assumptions on the initial data u°:
(i) u® € LY(R) N L>=(R) N BV (R).
(i) A(u®), € BV(R).
Theorem

If u® satisfies (i) and (ii) above, then for each b > 0 there
exist a constant Cy, such that for all Ax € (0,b),t € (0,7),

luae(t) = u(8) ey < lude = @Ol| 1 gy + Colres,

where the constant Cj, depends on A, f, u°, and T, but not
on Ax.
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Earlier Results

e N.N. Kuznetsov for A =0 [5]

”qu(,t) — u('?t)HLl(]R) < C\/KHZ'

This is sharp (F. Sabac [6]).
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Earlier Results

e N.N. Kuznetsov for A =0 [5]

”uAcc(,t) — u('?t)HLl(R) < C\/Kx

This is sharp (F. Sabac [6]).
e K. H. Karlsen, U. Koley and N.H. Risebro [4]

L—Mt
[ ) -usi(to) s < Ca, (<),

—L+Mt
(4)

where M > max|y|<|yo| |f'(u)] and L > MT.
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Gend o ) with initial data u", v°. If we can prove
//// i, 6)~0(y.5) 10! (O - g)p(t—5) dX > 0
12,
L1 Contraction then

Adaptation to

Errorestimate
U /Iu r,7) —v(z, )| dr < / [u®(z) — v°(2)| da.
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e B ) with initial data u", v°. If we can prove
//// i, 6)~0(y.5) 10! (O - g)p(t—5) dX > 0
12,
L1 Contraction then

Adaptation to
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U /Iu r,7) —v(z, )| dr < / [u®(z) — v°(2)| da.

(p(fE, Ly, S) = ¢(t)w7"($ - y)pr(t - S)'

Yr+ s = 1[),er7“’
Yz +py =0,
Crz + 20y + ©yy = 0.
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An Error Estimate ° A/ > O f— Sign(u — ’U) = Slgn(A(u) — A('U))

gtz::stlzﬁ [ut + f(u)x = A(u):mc] sign (’LL - U)SO
Gives
[ u= vl -+ sign(u = 0)(£ () ~ F0))r dX
Lt Con.traction T
e + [ 14 - A e dX

7

- /H sign'(A(u) — A(0))(A(u),)p dX.
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e A'>0 = sign(u—v) =sign(A(u) — A(v)).
sEth?;;tE'n [ut + f(u)x = A(u):mc] sign (’LL - U)SO
Gives

[ = vl + sign(u = 0)(£(u) = (@) dX

L1 Contraction

+ [ 1A - AW X
rrorterms H

T

- /H sign'(A(u) — A(0))(A(u),)p dX.

T

/ A) — A(0)|pry dX =
HQ

T

/2
1_[T
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sign’(A(u) — A(v))A(u); A(v)yp dX. (5)
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Storesten Adding up the equations
[ el + o)+ signtu = 0)(F(w) ~ F0)) (s +4,) dX
L1 Contraction T
+ [ , )~ A0) (22 + 200 + ) X
= [, s (4(w) = A@)IA(w): ~ A@) P dxX.
:
So

[ e=le+ g dx o
II

T
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Erlend B. ° L i he piecewi
Erlend B. For any sequence {a;};c; we associate the piecewise
constant function

Ej(ﬁ) =aj fOI’{L‘EIj. (6)
L1 Contraction
e where Ij = [2;_1/5,Zj11/2).
Ervortarme ! e Let the approximation of the sign function be given by

ian. (o) sin(52) for |o| <,
sign.(o) =
&N sign (o) otherwise,

where € > 0. Then we define

|u|a:/ sign.(z) dz.
0
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Lemma

Let {u;} .y be some sequence in R and A:R — R a
strictly increasing continuously differentiable function. For
any u € R there exist sequences {7;}. 7 ,{0;},c7 such that
for each j € 7Z both 7; and 0; are in int(u;,u;+1) and

D sign (A(u;) — A(u)) = sign_(A(7;) — A(u)) D+ A(u;),
Dy [A(uj) — Au)l, = sign.(A(0;) — A(u)) D A(uy).

If u is a differentiable function of y then for each j € 7
signc(A(7)) — A(u)) A(u)y = —(sign(A(6;) — A(u)))y-

Both {7;} .7 and {6;},., depend on v and €.
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Stenrgoten /2 lu— 5] (ps + @) + sign (u —u5) (f(u) = f(w5)) py dX
HT
—/ sign (u; — u) D_F(u;,U;41)p dX
1%
=~ [ JA@) = AW)| (D-Dso + 2D1p, + ) dX
rrorestimate H
Treatment of T
Errorterms
+ lim sign. (A(T;) — A(u))(A(u), — Dy A(w;))*0>" dX
€ H%‘

+lim [ [signl(A(T;) — A(u))p
el0 H%

— signL(A(T;) — A(u)) "] (A(u),)* dX
Hlim [sign. (A(w;) — A(u))

— sign.(A(8;) — A(u))] D+ A(@;) D dX.
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see /H (Sign; (A(u) — Aluy)) — sign’ (Au) — A(m)) (A(u)y)? o dyds
-[ [(signa<A<u> ~ A(u;)
2 e  sign. (A(u) — A(Hj))) A(u)y] s

Errorestimate

Treatment of
Errorterms

[ (signg<A<u> ~ A(uy))
— sign. (A(u) - A(@)))usw dyds

_ /HT (signE(A(u) — Aluy))

~ sign. (A(u) - A(9j)))f(U)y<pdyds-
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Lot limm [sign. (A(u) — A(u;)) — sign.(A(u) — A(6;)] = Hj(u).
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e Then |H(u)| is bounded by 2 and has support in

int(w;, ujt1).
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Erlend B. . .
Storrpsten So for instance if we let
u
! !
)= [ meae)
0
L1 Contraction then
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e
‘ H(u) A’ (u) uypy dyds
Iy ~Ym————
Pi(u)

= ‘ / goyy dyds
HT

Aa:
2 |D+U]|

<5 |UJ+1 UJ| =
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e Taking all terms into account we obtain the following
inequality
Ax\ Az

L1 Contraction / ’U - U’(Spt + QOS) dX > F( )—2
Qdaptatlon to H% T T
rrorestimate

Treatment of
Errorterms

Independent of 7. It follows

;. 8) = ul, )l ey

Azy A
< [ = | ey + O+ (r 55 ) T

Picking Az = 7 proves the theorem.
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