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Outline & Main ideas

Introduction

Kinetic description & num. scheme
general scheme
with discrete entropy

Numerical validations
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e Interest of efficient numerical methods

o in fluid mechanics, geophysics
o non smooth solutions, few dissipation

e Useful in practice (simple): for scientists, industrial



Introduction Kinetic description & scheme Numerical validations
0000000

Seism : Japan, march 2011

the M=9 March 11 2011
Nathake Feule, Insttu do Physiaue du Globe de Pars, France
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Pressure and normal stress changes (MPa)

source IPGP (A. Mangeney)
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Comparison with DART buoys (3d hyd. Navier-Stokes)

Numerical validations

Long distance
small amplitude
= accurate scheme is needed

——DART buoy 21418 ——DART buoy 21413
25 ~—— Simulation 15 ~—— Simulation
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Japan tsunami simulated with Saint-Venant

e Hydrostatic reconstruction vs. proposed scheme

o Unstructured mesh, 2.10° nodes, 1t order scheme (space &
time)
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The Saint-Venant system

OH o(Hu) _
(SV) ot E ox i
8(§lt ) 8x(Hu + gHQ) —gHa b

e The system is hyperbolic
e The water depth satisfies

d
> — —
H >0, dt/H 0

e Static equilibrium, “lake at rest”
u=020, H+ z, = Cst
e It admits a convex entropy (the energy)

=2
0 H +gH2+gsz + 95 (HE 4 gH? 4 gtz ) <0
ot 8x 2

= Positivity, weII—baIancing, consistency, discrete entropy
.. without reconstruction
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Num. methods for the Saint-Venant system

e Finite volume schemes [Bouchut'04]
e Various solvers (relaxation, Roe, HLL, kinetic,...)

e Well-balanced scheme required

At

OH G(HB) n+1 n n

ot " ox

. vgHi,\/gH;
with e.g. i,zi-l/z _ max(v/g 2\/g +1)(H,' — H,'_;,_;[)7é 0
when H; + z, j = Cst
¢ Hydrostatic reconstruction [ABBKP,04]
o zg‘J,zf;J+1 = H = I-IJ-”‘Jr1 at rest

o efficient, various situations
o only semi discrete entropy
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Kinetic representation of the Saint-Venant system

e Gibbs equilibrium M(x,t,&) = %X (5_E> with ¢ = /gH/2

C

where x(w) = x(~w) >0, supp(x) C Q, [ x(w) = [pw’x(w) =1

Proposition (Audusse, Bristeau, Perthame 04)

The functions (H, u, E)(t, x) are strong solutions of the
Saint-Venant system if and only if M(x, t,&) is solution of the

kinetic equation
oM oM 0z OM
(B), E—F a—gaixaig—(?(x’t,f)
where Q(t,x, &) is a collision term.

e Macroscopic variables (H, 7, E) = [(1,£,&2/2)M d¢

e A linear transport equation . ..easy to upwind
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Discrete scheme for the Saint-Venant system (1)

#x ()

e A simple upwind scheme, for a given &

e Gibbs equilibrium M =

om?

n+1— n n n n i 2
M T = MP—of (5(/\/7;+1 — M")le<o — gz 112 321/
n n 8MI” 1/2
+ &M — M 1)Le0 — gAZb,iq/zai5
with
M;+1/2 =M 1/2-Le<o+ My o Lexo0
fv1j2—> M1/, to be defined later
e Key point

oM OM;11/2+ oMy 12—
IM de=0, but / IMis1/2+ e 4 / IMiv1/2- 4
/ o€ 9= o 06 T oo e I
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Discrete scheme for the Saint-Venant system (Il)

e Extended version of an idea in Perthame-Simeoni'01

dz, OM _OM
P —_— _— = =
/Rf (gax 5 §0x>d€ 0, p=0.1

Wlth/\/;,:gx(%), H:n—zb,n:(:st
e The proposed scheme is

1o _
My = M —of (M7+1/2 - 7—1/2)
with
M EMI 1o — EMIq )0
12 MiLexo + M1 1e<o
Ti1)2 M1 o4 Le<o + My o Te>o
n Hiztl/Zf § /’:In _
i+1/2— =n X | =5 ) i+1/2— = Mi+1/2 = Zb,i
Civ1/2— Civ1/2—



Introduction Kinetic description & scheme

Numerical validations
00@0000

Discrete scheme for the Saint-Venant system (lIl)

e The proposed scheme is

1o _
M =MD = of (M) — M)
with
M7+1/2 = 5Min+1/2 - 5Min+1/2
it = Milezo+ M leco
Tz = Miyapleco+ My p lexo
in o HillLl/Z* f //_\In _
i+1/2— = =p X | =5 ) i+1/2— = Mi+1/2 = Zb,i
Civ1/2— Civ1/2—

° Macroscopic scheme
Hin+1 - f]R Min+1_d§7 Hin+1H7+1 = fR5M1P+1_d€

e only analytic quadrature formula
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Properties of the scheme

e Key point

M; OMis1/n
M e — 0. but / +1/2+d§ / *1/2 de 40
r 9 £€<0 >0

Well-balanced
o trivial

Positive
o the CFL does not depend on %
o well behaves when H — 0

Consistency
e 2" order in time (Modified Heun) and space (centered term)
e Convergence rate : CAx vs. cAx with ¢ < C

With modified ¢ C+1/2i : can be used with other FV solvers
(HLL, Rusanov)
No discrete entropy
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Scheme for H > |Az| (discrete entropy) - |

e Gibbs equilibrium
o M(x,t,€) = Hxo (52), M(x, t,€) = Hoy, (57)
o Xo(2) = 2\/1-F, 6o(2) = [, z1x0(z1)dzn

* X0 is the minimum of the set (energy), see [Perthame-Simeoni

01]
f)= gf g—2f3 f
R
e Modified Boltzmann equation
oM oM 0z, OM
ot o EBax e~ 9
M M
o MM gLy 02 g

ot Ox £ c? ox

O¢ eliminated in the Boltzmann equation...
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Scheme for H > Hy > 0 (discrete entropy) - Il

e Goal : /\/I,-"H* as a convex combination of M? ,, M and I\/I,-”+1
e A simple upwind scheme, for a given &

+1- _
My = M —od} (M7+1/2 - M7—1/2>
with
Ml = Mg +Miy,

n Azyi1p E—ulyy_, n

Mi+1/2+ = (f +2 Hn cn Civi/2+ ]1555.-+1/z+ Mi+1
i+1 i+1
ADzpii1p &—ul_
1{7+1/27 = (5 +2 Hn cn CI{,+1/27 1525#1/27 Min
e So

MinHi = (1 - A7) M + A7—1/2+Min—1 + Al oMy
with A7 >0, 1— A7 > 0
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Scheme for H > Hy > 0 (discrete entropy) - Il

e The scheme is well-balanced, consistent and positive

Proposition
Let us consider a real convex function e(.) defined over R. Under
the CFL condition, the scheme satisfies the in-cell entropy inequality

Ef < El + o <A7+1/2 - /\771/2>

with

£ = [ empe
7+1/2 = Uf/R(Afﬂ/z—( My 1) — Afe(M )) d¢

In particular the choice e(f) = %f + %zf 3 + gzpf gives a discrete version
of the energy balance.
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Numerical validations

Only analytical solutions
Stationary/transient, continuous/discontinuous solutions
e 15t and 2" order schemes

= not exhaustive validations

Two main ideas
o Systematic biais & accuracy
o fluvial regime over a bump (anim)
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Other solvers

log of error in L, norm
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HLL, kinetic & Rusanov fluxes

15t and 29 order schemes

fluvial regime over a bump

general scheme

©
&

&

4 Hyd. rec.
— New scheme

+ Kineic solver
o HLL solver

* Rusanov solver
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Numerical validations

- Hyd. rec.

--- New scheme

+ Kinetic solver
0 HLL solver

* Rusanov solver
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Transcritical regime with shock

e HLL & kinetic fluxes

e general scheme

log of error in L, norm

-0.5

25~

--- Hyd. rec.

--- New scheme
+ Kinetic solver
o HLL solver

Numerical validations
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Parabolic bowl

e Kinetic fluxes
o 1t and 2" order (in space & time) schemes

e general scheme (anim)

——Hyd. rec.
05¢ —— New scheme

log of error in L, norm
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Conclusion & outlook

e Scheme without reconstruction

o simple & efficient
can be used with various solvers
significant improvement w.r.t. hyd. rec.
remaining degrees of freedom (all equilibria ?7)
valid in 2d (and 3d)
entropy satisfying for H enough large

O O O O O

e Extension to Navier-Stokes

o kinetic interpretation [Audusse,Bristeau,Perthame,JSM 11]
o more complex source terms
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