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Numerical simulation of systems with multiscale phenomena

Context: @ complex systems decomposed into sub-systems simulated by
specific softwares with different modelings
@ need to couple problems corresponding to distinct modeling levels
Examples: multiphase flows, turbulent flows, porous/non-porous media,
kinetic/hydrodynamic representations, etc.

Aim: @ simulating the whole system with an efficient and reliable coupling
method [Godlewski et al. '04 '05, Ambroso et al. '08]
@ coupling hyperbolic systems of conservation laws with
non-homogeneous closure laws (i.e. depending on space variables)
Application: @ modelling with adaptive simplified closure laws
@ application to incomplete EOS [Menikoff & Plohr "89]
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© Model problem
o Euler equations
o Non-homogeneous equation of state
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Euler equations with heterogeneity in space

Oeu + Oxf(u, x)
u(x,0)

0, Vx € D(t), t>0
Uo(X)7 Vx € R

Time-dependant space domain:
n(t)
D(t) = | (ai-1(t),ai(t)) with ag(t) = —00, ane)(t) =+o0, t>0

i=1

@ Conservative variables:

-
u = (p, pu, pE)
Heterogeneous physical fluxes in x through pressure definition:

pu
f(u,x) = ( pu? + p(u, x) )
(PE + p(u,x))u
Set of admissible states:
22
2
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Non-homogeneous equation of state (EOS)

. Pex(/), e) if U(X, t) S Q\Qsimp
p(u,X) - { Psimp(p7 pe) if U(X, t) € Q5""7P

PP.€) Py (PPE) Py, (P.08) P (P€)

PPy, (0.P€)

P=Pg;n, 1(00€)

'a,,l(t) a,'(t) a,qét) X

Q p=p,(p.€)

ZN

EOS:  » exact (but complex) EOS pex(p, €)
> incomplete (but simple) EOS psimp(p, pe) ONERA
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Outline

© Numerical method
@ Coupling procedure
@ Relaxation method
@ Discretization method
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Coupling procedure

Consider the model problem

_ _(u) ifx<0
P(“’X)—{ Z+(:) if x>0

du+dfux)=0
p(u) = p (u)

Ju+dfux)=0
p(u) = p.(u)

X<0 0 x>0 X

Coupling prescribed by a vector-valued Dirac measure concentrated at x = O:

Ou+ 0cf(u,x) = M(u(0",t),u(07,t))dx=0, VXxER, t>0
u(x,0)

uo(x), Vx €R
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Coupling procedure (cont.)

Coupling condition
M (u(07,£),u(07,t)) =f(u(07,1),07) —f(u(07,£),07), Vt>0

Example
conservative coupling (continuity of physical fluxes):
f(u(0*,t),0") =f(u(07,t),07)

thus
M=0

v-state coupling (continuity of physical variables v = v~*(u)):

7 (w0, 1) =72 (0™, 1))

e.g. forv=(p,u,p)" we get

M = (0,0, pe(0", t)u(07, t) — pe(0™, t)u(0, 1)) "

V.

ONERA
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Non-conservative framework
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Relaxation method

@ Approximate the Euler eq. with a Suliciu’s relaxation procedure (A > 1):

U+ 0xF(U,x) = Mo—0+AR(U,x), ¥xeR, t>0
U(x,0) = Uo(x), Vx € R
with
U = (p, pu, pE, pr) "
and
pu
2
_ pus +m
F(U,x) = (PE +m)u
(pm +a®)u
and

.
R(U, x) = (0,0,0, p(p(u, x) — 7))
@ Advantage: the system has 4 LD fields {v — a7, u, u, u+ ar}
@ Whitham condition:
a®> > max{—(d,p)s : for all 7,s under consideration}

O NERA

[Jin & Xin ’95, Suliciu '98, Ambroso et al. '08b]
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Discretization method

Numerical solution

o Let U[x,-_l,x,-) a partition of the domain R with x; = jh and h > 0
jez

@ Look for a piecewise constant solution Uy, at time step t(") = nAt:

Un(x, tM) = UI('")A’ Vx € (xj—1,%), n>0

N

x<0

Uy, (x,tM) [

Yo
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Discretization method away from the coupling interface
2-step algorithm from t(") to t(n+1)

@ solve the relaxation system with A = 0:

» Euler method for the time discretization
» Finite volume method for the space discretization:

n n At n n n n .
UJ(-j%l) = U,(-,)% - h (g,(UJ(.J%, UJ(-+)%) - g,(UJ(.J%,UJ(.J%))7 ;<0
n+1 n At n n n
Ul = U, - S8 (e (U U g (U, U) >0

» Godunov method:
g+(-,-)=F* (W(o,-, "))
with W solution of a local Riemann problem

@ projection of the solution onto the equilibrium state for A — oc:

lim 7D _ pr+) — g

A—o00
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Discretization method at a coupling interface

P ;U(ji, U, M) solution of the Riemann problem:
2 2

We consider W(—=

;
HU+0:F(U,x) = MO, vxe(x 1,x 1) te (™ )]
2 2
U x<o
UG t™) = 8o
Uy x>0
2

Coupling condition at discrete level:
M =g, (U, UY) —g- (U, UY)

ONERA
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Discretization method at a coupling interface (cont.)

Structure of the solution:

o
Azr3'(Ur)

Ao

AU )

U,

Galié et al. (2009) proved existence and unicity of self-similar solution for p = p(p) and
M in a suitable domain with M, = 0.

Extended to M, # 0 in the present study

ONERA

F. Renac et al. (ONERA - CMAP) Adaptive coupling of hyperbolic PDEs June 25-29, 2012, Padova 15 / 26



Outline

© Numerical experiments
@ Simplified EOS
@ Space time adaptive EOS
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Shock tube problem

@ Riemann problem with shock tube conditions:

(pu.p)" = (0.4,1,1)7, for x <0

P&P) =9 (0.8,-05,1)T, for x >0

@ for a gas with an (exact) van der Waals EOS with constant heats
(Pex + ap%)(1 — bp) = prT

witha=3,b=1, & =0.329
@ The simplified EQOS is a stiffened equation of Griineisen type:

Psimp (P, p€) = (v — 1)pe + Cler(p — pref)

[Callen 88, Menikoff & Plohr '89, Quartapelle et al. '03]
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Simplified EOS via diadic hierarchy of Qgjmp

@ The domain Qgimp is defined s.t. the simplified EOS is valid everywhere:

(a) Nd=1 (b) Nd=2
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Conservative coupling (M = 0)

N3 subdomains in Qgimp, t = 0.13 and h = 1/100

exact solution

exact solution

exact solution
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(p, u, p)-state coupling

N3 subdomains in Qgimp, t = 0.13 and h = 1/100

exact solution
o state coupl. (h=1/100, N,=1)

exact solution
o state coupl. (h= 1/100 N=1)

exact solution
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Comparison of coupling methods

N3 subdomains in Qgimp, t = 0.13 and h=1/100
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Space time adaptive EOS
Conservative coupling (M = 0): computation with N3 = 64 different EOS (h = 1/100)

B 4 B
(a)t=0 (b) t =0.01 (¢) t =0.05
(d) t =0.07 (e) t =0.11 (f) t=0.13
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Outline

@ Concluding remarks
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Concluding remarks

Adaptive coupling allows to:

@ use simplified EOS instead of real gas EOS with complex
thermodynamic laws

@ reproduce the correct behaviour of real gas dynamics

@ use different coupling mehods (source term measure offers a general
framework)

Future work: @ use mixed coupling methods according to physical requirements
@ minimization of convex non-linear cost functions built on the mass

M at the interface
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Thank you for your attention
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