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Numerical simulation of systems with multiscale phenomena
Context: complex systems decomposed into sub-systems simulated by

speci�c softwares with di�erent modelings
need to couple problems corresponding to distinct modeling levels

Examples: multiphase �ows, turbulent �ows, porous/non-porous media,
kinetic/hydrodynamic representations, etc.

Aim: simulating the whole system with an e�cient and reliable coupling
method [Godlewski et al. '04 '05, Ambroso et al. '08]
coupling hyperbolic systems of conservation laws with
non-homogeneous closure laws (i.e. depending on space variables)

Application: modelling with adaptive simpli�ed closure laws
application to incomplete EOS [Meniko� & Plohr '89]
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Euler equations with heterogeneity in space

∂tu + ∂x f(u, x) = 0, ∀x ∈ D(t), t > 0

u(x , 0) = u0(x), ∀x ∈ R

Time-dependant space domain:

D(t) =

n(t)⋃
i=1

(
ai−1(t), ai (t)

)
with a0(t) = −∞, an(t)(t) = +∞, t > 0

Conservative variables:

u = (ρ, ρu, ρE)>

Heterogeneous physical �uxes in x through pressure de�nition:

f(u, x) =

 ρu
ρu2 + p(u, x)(
ρE + p(u, x)

)
u


Set of admissible states:

Ω =
{
u ∈ R3 : ρ > 0, u ∈ R, e = E − u2

2
> 0
}
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Non-homogeneous equation of state (EOS)

p(u, x) =

{
pex(ρ, e) if u(x , t) ∈ Ω\Ωsimp

psimp(ρ, ρe) if u(x , t) ∈ Ωsimp

  

ρe

ρ

Ω

Ω
simp

p=p
ex
(ρ,e)

p=p
simp,1

(ρ,ρe)

p=p
simp,2

(ρ,ρe)

  

x

p
ex
(ρ,e)p

simp,1
(ρ,ρe) p

simp,2
(ρ,ρe)p

ex
(ρ,e)

a
i+1
(t)a

i
(t)a

i-1
(t)

EOS: I exact (but complex) EOS pex(ρ, e)
I incomplete (but simple) EOS psimp(ρ, ρe)
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Coupling procedure

Consider the model problem

p(u, x) =

{
p−(u) if x < 0
p+(u) if x > 0

  

x0

∂
t 
u + ∂

x 
f(u,x) = 0

p(u) = p
-
(u)

∂
t 
u + ∂

x 
f(u,x) = 0

p(u) = p
+
(u)

x < 0 x > 0

Coupling prescribed by a vector-valued Dirac measure concentrated at x = 0:

∂tu + ∂x f(u, x) = M
(
u(0+, t), u(0−, t)

)
δx=0, ∀x ∈ R, t > 0

u(x , 0) = u0(x), ∀x ∈ R
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Coupling procedure (cont.)
Coupling condition

M
(
u(0+, t), u(0−, t)

)
= f
(
u(0+, t), 0+

)
− f
(
u(0−, t), 0−

)
, ∀t > 0

Example

conservative coupling (continuity of physical �uxes):

f
(
u(0+, t), 0+

)
= f
(
u(0−, t), 0−

)
thus

M ≡ 0

v-state coupling (continuity of physical variables v = γ−1(u)):

γ−1+

(
u(0+, t)

)
= γ−1−

(
u(0−, t)

)
e.g. for v = (ρ, u, p)> we get

M =
(
0, 0, ρe(0+, t)u(0+, t)− ρe(0−, t)u(0−, t)

)>
[Godlewski et al. '05, Ambroso et al. '08a. '07, Galié '09]
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Non-conservative framework

M =

 Mρ

Mρu

MρE



  

ρ
1
u

1

S
1

S
2 
> S

1

Mρ = ρ2u2
-ρ1u1 

< 0

x0

(a) sudden pipe expansion

  

Mρu
 = p

2
-p

1 
< 0

x0

(b) pressure loss

  

MρΕ = ρuC
v
(T

2
-T

1
) > 0

x0

(c) heat transfert
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Relaxation method
Approximate the Euler eq. with a Suliciu's relaxation procedure (λ� 1):

∂tU + ∂xF(U, x) = Mδx=0+λR(U, x), ∀x ∈ R, t > 0

U(x , 0) = U0(x), ∀x ∈ R

with
U = (ρ, ρu, ρE , ρπ)>

and

F(U, x) =


ρu

ρu2 + π(
ρE + π)u

(ρπ + a2)u


and

R(U, x) =
(
0, 0, 0, ρ(p(u, x)− π)

)>
Advantage: the system has 4 LD �elds {u − aτ, u, u, u + aτ}
Whitham condition:

a
2 > max{−(∂τp)s : for all τ, s under consideration}

[Jin & Xin '95, Suliciu '98, Ambroso et al. '08b]
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Discretization method
Numerical solution

Let
⋃
j∈Z

[xj−1, xj ) a partition of the domain R with xj = jh and h > 0

Look for a piecewise constant solution Uh at time step t(n) = n∆t:

Uh(x , t(n)) = U
(n)

j− 1
2
, ∀x ∈ (xj−1, xj ), n > 0

½-½

xj-1 xj

j-½

h

x < 0 x > 0

uh(x,t(n))

x1x-1 x0
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Discretization method away from the coupling interface
2-step algorithm from t(n) to t(n+1)

1 solve the relaxation system with λ = 0:

I Euler method for the time discretization
I Finite volume method for the space discretization:

U
(n+1)

j− 1
2

= U
(n)

j− 1
2
− ∆t

h

(
g−(U

(n)

j− 1
2
,U

(n)

j+ 1
2

)− g−(U
(n)

j− 3
2
,U

(n)

j− 1
2

)
)
, j < 0

U
(n+1)

j+ 1
2

= U
(n)

j+ 1
2
− ∆t

h

(
g+(U

(n)

j+ 1
2
,U

(n)

j+ 3
2

)− g+(U
(n)

j− 1
2
,U

(n)

j+ 1
2

)
)
, j > 0

I Godunov method:
g±(·, ·) = F

±(W(0, ·, ·)
)

with W solution of a local Riemann problem

2 projection of the solution onto the equilibrium state for λ→∞:

lim
λ→∞

π(n+1) − p
(n+1) = 0
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Discretization method at a coupling interface

We consider W
(

x

t−t(n) ;U
(n)

− 1
2
,U

(n)

+ 1
2
,M(n)) solution of the Riemann problem:

∂tU + ∂xF(U, x) = M(n), ∀x ∈ (x
− 1

2

, x
+
1

2

), t ∈ (t(n), t(n+1)]

U(x , t(n)) =

 U
(n)

− 1
2

x < 0

U
(n)

+ 1
2

x > 0

Coupling condition at discrete level:

M(n) = g+(U
(n)

− 1
2
,U

(n)
1
2

)− g−(U
(n)

− 1
2
,U

(n)
1
2

)
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Discretization method at a coupling interface (cont.)

Structure of the solution:

x-xj

t-t(n)

0

Uj-½
(n) Uj+½

(n)

λ1
r(Uj-½

(n))
λ2/3

r(UR)

λ4
r(Uj+½

(n))

U- UR

λ0
r

U+

(a) λr
2
> 0

x-xj

t-t(n)

0

Uj-½
(n) Uj+½

(n)

λ1
r(Uj-½

(n))
λ2/3

r(UL)

λ4
r(Uj+½

(n))
U-UL

λ0
r

U+

(b) λr
2
< 0

Galié et al. (2009) proved existence and unicity of self-similar solution for p = p(ρ) and
M(n) in a suitable domain withMρ = 0.

Extended toMρ 6= 0 in the present study
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Shock tube problem

Riemann problem with shock tube conditions:

(ρ, u, p)> =

{
(0.4, 1, 1)>, for x ≤ 0
(0.8,−0.5, 1)>, for x > 0

for a gas with an (exact) van der Waals EOS with constant heats

(pex + aρ2)(1− bρ) = ρrT

with a = 3, b = 1

3
, r

Cv
= 0.329

The simpli�ed EOS is a sti�ened equation of Grüneisen type:

psimp(ρ, ρe) = (γ − 1)ρe + c
2

ref (ρ− ρref )

[Callen '88, Meniko� & Plohr '89, Quartapelle et al. '03]
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Simpli�ed EOS via diadic hierarchy of Ωsimp

The domain Ωsimp is de�ned s.t. the simpli�ed EOS is valid everywhere:

  

ρe

ρ

Ω

Ω
simp

p=p
ex
(ρ,e)

p=p
simp,1

(ρ,ρe)

p=p
simp,2

(ρ,ρe)

Use diadic partition of Ωsimp into N2

d subdomains:

(a) Nd = 1 (b) Nd = 2 (c) Nd = 4 (d) exact EOS
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Conservative coupling (M ≡ 0)

N2

d subdomains in Ωsimp, t = 0.13 and h = 1/100

(a) density (b) velocity (c) pressure
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(ρ, u, p)-state coupling

N2

d subdomains in Ωsimp, t = 0.13 and h = 1/100

(a) density (b) velocity (c) pressure
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Comparison of coupling methods

N2

d subdomains in Ωsimp, t = 0.13 and h = 1/100
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Space time adaptive EOS
Conservative coupling (M ≡ 0): computation with N2

d = 64 di�erent EOS (h = 1/100)
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(a) t = 0
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(b) t = 0.01
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(c) t = 0.05
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(d) t = 0.07
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(e) t = 0.11
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(f) t = 0.13
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Concluding remarks

Adaptive coupling allows to:

use simpli�ed EOS instead of real gas EOS with complex
thermodynamic laws
reproduce the correct behaviour of real gas dynamics
use di�erent coupling mehods (source term measure o�ers a general
framework)

Future work: use mixed coupling methods according to physical requirements
minimization of convex non-linear cost functions built on the mass
M at the interface
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Thank you for your attention
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