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Content:
1. Scalar conservation laws:
(S.C.L.) dpu +div f(u) =0, (z,t) € R},

fect®™.
» Kinetic formulation (Lions-Perthame-Tadmor).
> Variational kinetic formulation (Panov, Brenier).

2. Kinetic formulations for the Euler equations:

pr + div (pu) = 0,
(E.eqgs.) (pu)e + div (pu ® u) + Vp = 0,
(pE): + div (pEu + pu) =0,

1 _ u?

p —density, u = (u,...,u™) — velocity, E = - + e, -total energy, e —
internal energy,
p=(v—1)pe = RpT.



(S.C.L.) Ou+div f(u) =0, u(t=0)= uo.

Entropy-entropy flux pair (1, q) : ¢'(u) = f'(u)n’(u).
u(z,t) is an entropy solution if for any convex entropy-entropy flux pair

(n,9),
den(u) +divg(u) <0, D'(RET).

(Kruzhkov) For any ug € L*(R"™), there a unique entropy solution of
(S.C.L.) and
w € C([0, +00); Lhe(R™).

For any two entropy solutions u, v with the data uo, vo € L N L*(R™),
1. for allt > 0,

/\u(m,t) —v(z,t)|dx < /|u0(x) — vo(z)| dz;

2. ifug <o a.e. R",

u(z,t) <v(z,t), ae R



(S.C.L.) Ou+div f(u) =0, u(t=0)= uo.

Entropy-entropy flux pair (1, q) : ¢'(u) = f'(u)n’(u).
u(z,t) is an entropy solution if for any convex entropy-entropy flux pair

(n,9),
den(u) +divg(u) <0, D'(RET).

(Kruzhkov) For any ug € L*(R"™), there a unique entropy solution of
(S.C.L.) and
w € C([0, +00); Lhe(R™).

For any two entropy solutions u, v with the data uo, vo € L N L*(R™),
1. for allt > 0,

/\u(m,t) —v(z,t)|dx < /|u0(x) — vo(z)| dz;
2. ifug <o a.e. R",
u(z,t) <v(z,t), ae R
We will assume that u(z,t) is L-periodic in x and for some M > 0,

0 < essinfu < esssupu < M.



Smooth solutions.

For the initial data ug, choose a level set function Yy (z,v) :
Yo(x, uo(z)) = A. Consider

8Y + f'(v) - VoY =0,
Y(t=0)=Yo(z,v).

For all times t € (0,t*) while there is u(zx,t) such that
{(z,v) : Y(x,t,0) = A} = {(z, u(z, 1))},

u(z,t) is a classical solution of (S.C.L.).




Smooth solutions.

For the initial data ug, choose a level set function Yy (z,v) :
Yo(x, uo(z)) = A. Consider

8Y + f'(v) - VoY =0,
Y(t=0)=Yo(z,v).

For all times t € (0,t*) while there is u(zx,t) such that
{(z,v) : Y(x,t,0) = A} = {(z, u(z, 1))},

u(z,t) is a classical solution of (S.C.L.).

multi-valued solution

u" (x,1) = length of dashed intervals

X!



Averaging of multi-valued solutions.

0 v<uo(z)
1 v>wuo(z) ’

Let Yo(z,v) = {
u* (hy ) = /0+°O(1 — Yo(z — f'(0)h, v)) do.
Let w(z) be a test function and compute
[ () — wo(a)w(e) o
_ //Om [(1— Yola — £ (0)h ) — (1 — Yo(a,0))] w dado
= [ [a -t £ @m - o) dedo
- h/ Fuo(@))ws dz + O(h).

u” is approximately a weak solution of (S.C.L.) on ¢ € [0, h].



Time discrete BGK-type approximation (Brenier, Giga-Miyakawa):
Define the kinetic function as (for v > 0):

0 v<u
Yivw) = { 1 v>u

Y (v, u(x)) — kenetic density of u(x).
Let h > 0 — time step, n € N,

> Given v (), set Y™ !(z,v) = Y(v,u" ! (z)), solve
0Y + f'(v) - VoY =0,
Y (z,0,v) = Y™ (z,0),

and define

u"(z,v) = / (1 =Y (z,h,v))dv, Y"(z,v)=Y(v,u"(x)).

0



Time discrete BGK-type approximation (Brenier, Giga-Miyakawa):
Define the kinetic function as (for v > 0):

0 v<u
Yivw) = { 1 v>u

Y (v, u(x)) — kenetic density of u(x).
Let h > 0 — time step, n € N,

> Given v (), set Y™ !(z,v) = Y(v,u" ! (z)), solve
0Y + f'(v) - VoY =0,

Y(2,0,0) = Y" !(z,0),
and define

M
u"(z,v) = / (1 =Y (z,h,v))dv, Y"(z,v)=Y(v,u"(x)).
0

> Setting u™ = Sp,(u" ) :

> [ISh(u) = Su(v)llzr < llu—vllp;
> [|Shy (1) = Shy (W)l 11 < Clha — ho| TV (u).



Time discrete BGK-type approximation (Brenier, Giga-Miyakawa):
Define the kinetic function as (for v > 0):

0 v<u
Yivw) = { 1 v>u

Y (v, u(x)) — kenetic density of u(x).
Let h > 0 — time step, n € N,

> Given v (), set Y™ !(z,v) = Y(v,u" ! (z)), solve

8:Y + f'(v) - V.Y =0,
Y (@,0,0) = Y} (z,v),
and define

u"(z,v) = / (1 =Y (z,h,v))dv, Y"(z,v)=Y(v,u"(x)).

0

» Set u”(z, hn) = u™(z) and linearly interpolate for t € (h(n — 1), hn).
Then
u" — w in C([0,T); L' (R™)), VT > 0,

and u is a solution of (S.C.L.).



Time discrete BGK-type approximation (Brenier, Giga-Miyakawa):
Define the kinetic function as (for v > 0):

0 v<u
Yivw) = { 1 v>u

Y (v, u(x)) — kenetic density of u(x).
Let h > 0 — time step, n € N,

> Given v (), set Y™ !(z,v) = Y(v,u" ! (z)), solve

8:Y + f'(v) - V.Y =0,
Y (@,0,0) = Y} (z,v),
and define

u"(z,v) = / (1 =Y (z,h,v))dv, Y"(z,v)=Y(v,u"(x)).

0

» Set u”(z, hn) = u™(z) and linearly interpolate for t € (h(n — 1), hn).
Then
u" — w in C([0,T); L' (R™)), VT > 0,
and u is a solution of (S.C.L.).

> (Vasseur) Convergence without BV bounds.



(Perthame-Tadmor) Continuous time BGK-type approximation.

Y + f(v) - VoY =e LYY (v,u(z, 1)) — Y),
u(z,t) = [M(1—Y(z,t,0))dv.

> u® — u — solution of (S.C.L.).



(Perthame-Tadmor) Continuous time BGK-type approximation.

0y + f/(l)) VoY = 6_1(Y(Ua u(Iat)) - Y)7
u(z,t) = [M(1—Y(z,t,0))dv.
> u® — u — solution of (S.C.L.).

Kinetic formulation of Lions-Perthame-Tadmor.

u(z,t) is an entropy solution of (S.C.L.) iff there is a nonnegative measure
m e M4 (RT?),
and Y(z,t,v) = Y (v,u(z,t)) solves:
(K.eq.) 0Y + f'(v) - ViY = — 0ym,
Y(z,0,v) =Y (v, uo(x)).
Applications:

(Lions-Perthame-Tadmor) W, s € (0,1/3), -regularity of L* solutions.
(De Lellis-Otto-Westdickenberg) Structure of L° solutions.



Measure-valued solutions.

Let for every (z,t), Y(z,t,v) be non-decreasing in v and Y (z,¢,0) = 0,
Y(z,t,M)=1 and

XY + f'(v) - VY = —dym, me Mi(R}T?).
» Y(z,t,v) defines a probability measure vy, on R :
Vﬁvﬂ((vla UQD = Y(‘T7 t, UQ) - Y(LE, t, vl)v
and for any convex entropy-entropy flux pair (7, q) :

Ot <777 Vz,t> + 0z <q, Vz,t) < O7 D,(R"Jrl)_
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» Y(z,t,v) defines a probability measure vy, on R :
Vﬁvﬂ((vla UQD = Y(‘T7 t, UQ) - Y(LE, t, vl)v
and for any convex entropy-entropy flux pair (7, q) :

Ot <777 Vz,t> + 0z <q, Vz,t) < O7 D,(R"Jrl)_

v

(Tartar) Compensated compactness method.

v

(Schochet) Entropy mv-solutions (with given vg ;) are not unique.

» (DiPerna) MV-solutions with
v,z = 5u0(x)7

coincide with weak entropy solutions.



Measure-valued solutions.

Let for every (z,t), Y(z,t,v) be non-decreasing in v and Y (z,¢,0) = 0,
Y(z,t,M)=1 and

XY + f'(v) - VY = —dym, me Mi(R}T?).
» Y(z,t,v) defines a probability measure vy, on R :
Vlat((vla UQD = Y(.’L’, t, UQ) - Y(LE, t, vl)v
and for any convex entropy-entropy flux pair (7, q) :

Ot <777 Vz,t> + 0z <q7 Vz,t) < 07 D,(R"Jrl)_

» (Tartar) Compensated compactness method.
> (Schochet) Entropy mv-solutions (with given v ,) are not unique.
» Take Y (z,0,v) = v/M, independent of z.
» Take mi(z,t,v) =0 and ma(x,t,v) = m(v) >0,
m'(0) =m/(M) = 0.
» Obtain two solutions v/M and v/M — tm/(v).
» (DiPerna) MV-solutions with

V0,0 = Oug ()

coincide with weak entropy solutions.



Variational property of the kinetic solutions Y = Y (v, u(z, t)).

d L M d L
—/ / Y2 dedv = ——/ u(z,t)dx = 0.
dt Jo Jo dt J,

oY + f’(v) 2 0.Y = — Oym.

>

Consider

» Let Y (z,v) be non-decreasing in v test function, then

(V.K.eq.) /OL /OM(Y —Y)(0Y + f'(v) - 0,Y) dwdv > 0.

> (V.K.eq.) is equivalent to (K.eq.) if Y =Y (z,u(x,t)), but more
restrictive when Y comes from mv-solution.

» For mv-solutions (V.K.eq.) imposes a non-linear constraint

d L M
= / / Y2 dxdv = 0.
dt fo /o



Variational property of the kinetic solutions Y = Y (v, u(z, t)).

d L M d L
—/ / Y2 dedv = ——/ u(z,t)dx = 0.
dt Jo Jo dt J,

oY + f’(v) 2 0.Y = — Oym.

>

Consider

» Let Y (z,v) be non-decreasing in v test function, then

(V.K.eq.) /OL /OM(Y —Y)(0Y + f'(v) - 0,Y) dwdv > 0.

> (V.K.eq.) is equivalent to (K.eq.) if Y =Y (z,u(x,t)), but more
restrictive when Y comes from mv-solution.

» For mv-solutions (V.K.eq.) imposes a non-linear constraint

d L M
= / / Y2 dxdv = 0.
dt fo /o

> Stability: HYl('vt’ ) - }/2(’,15, ')”L2 < HYl('v 0, ) - YQ('v 0, ')HL;U'

x,v

» (Panov) Existence/uniqueness of mv-solutions verifying (V.K.eq.).



(Panov, Brenier) Y is a solution of (V.K.eq.) iff the level curves of Y (z,t,-),
ux(z,t) = sup{v : Y(z,t,0v) <A}, VAe[0,1],

are weak entropy solutions of (S.C.L.)



(Panov, Brenier) Y is a solution of (V.K.eq.) iff the level curves of Y (z,t,-),
ux(z,t) = sup{v : Y(z,t,0v) <A}, VAe[0,1],

are weak entropy solutions of (S.C.L.)

Consider

/ /M Y —Y)(8:Y + f'(v) - 8, Y) dedv > 0.

> Take B
Y =Y +co¢' (V) (v)w(z, ),
co >0, ¢ >0, n" > 0. Test function w > 0, smooth, L—periodic in x.



(Panov, Brenier) Y is a solution of (V.K.eq.) iff the level curves of Y (z,t,-),
ux(z,t) = sup{v : Y(z,t,0v) <A}, VAe[0,1],

are weak entropy solutions of (S.C.L.)

Consider

/j/M~ YO Y + £ (v) - 8,Y) dadv > 0.

> Take B
Y =Y +co¢' (V) (v)w(z, ),
co >0, ¢ >0, n" > 0. Test function w > 0, smooth, L—periodic in x.

» Compute B
0,Y = 0,Y(1 + co¢"'n'w) + ¢'n"w > 0.



(Panov, Brenier) Y is a solution of (V.K.eq.) iff the level curves of Y (z,t,-),
ux(z,t) = sup{v : Y(z,t,0v) <A}, VAe[0,1],

are weak entropy solutions of (S.C.L.)

Consider

/ /M Y —Y)(8:Y + f'(v) - 8, Y) dedv > 0.

> Take B
Y =Y +co¢' (V) (v)w(z, ),
co >0, ¢ >0, n" > 0. Test function w > 0, smooth, L—periodic in x.

» Compute B
0,Y = 0,Y(1 + co¢"'n'w) + ¢'n"w > 0.

o
IN

/0 / o (0)0:6(Y) + wi ()9 $(Y) dude

— ).

/wt/ (un) )dH/Osz/Olq(uA)qﬁ'(A)dA
>

v ¢'(\)

/OL wr (/OM ()6 (Y)Y, dv) e+ /OL e (/OM 4(v)¢' (Y)Ye dv) da



(Brenier) Define
H = {Y € L*((0, L) x (0, M)), L — periodic},
K ={Y € H, nondecreasing in v.}

» K- closed convex cone. ~
OK(Y)={ZeH, [y [M(Y ~Y)-Zdvdx < 0}.

/ /M Y —Y)(0:Y + f'(v) - 9.Y) dwdv > 0,

(Diff.incl.) Y € — (f'(v) - VoY + 0K (Y)).
f'(v) - V.Y + OK(Y) monotone (and maximal if | f'(v)| # 0).



(Brenier) Define
H = {Y € L*((0, L) x (0, M)), L — periodic},
K ={Y € H, nondecreasing in v.}

» K- closed convex cone. ~
OK(Y)={ZeH, [y [M(Y ~Y)-Zdvdx < 0}.

/ /M Y —Y)(0:Y + f'(v) - 9.Y) dwdv > 0,

(Diff.incl.) Y € — (f'(v) - VoY + 0K (Y)).
f'(v) - V.Y + OK(Y) monotone (and maximal if | f'(v)| # 0).

1. (Existence/Uniqueness) For any initial data Yy € K, there a unique
solution Y € C([0, +00); H).
2. (Regularity) If 9,Yo € H then

0:Y, 0:Y € L™((0, +o0); H).
If, in addition, 0,Yp € H, then
8,Y € L=((0, +00); H).
3. (Stability) LP stability: for any p € [1, 40|, and two solutions Y;
IVi(t) = Ya(®)llw < V1(0) = Ya(O)llw, ¥t > 0.



(Brenier) Solutions Y" of a time-discrete BGK-type approximation
converge to a solution of (Diff.incl.).

Projection-type approximation of (Diff.incl.):

1. h > 0 — time step. Given Y" ' (x,v) € K, define

Y" = Proj(Y" ' (z — hf'(v),v)).

Yy — Ynfl
h

3. Define Y" : Y"(x,nh,v) = Y™(x,v), and linear for ¢t € [(n — 1)h, nh].

IV < Ve YO, |l | < Cl0.Y°.

IY"(t) = Y"(s)|| < Clt — s,

Y" =Y, inC([0,T);H), VT > 0,
Y — solution of (Diff.incl.).



Strong solutions Y of (Diff.incl.) are minimal solutions:

_ . !
oY = PN £ (v)0:Y + Z||, V¢t > 0.

Dual formulation: define the tangent cone
T (Y) =H - closure of {h(Y —=Y), h>0,Y € K}.

> 0Y € Tr(Y).
> Tk (Y) is a polar cone to K (Y).

Then,

/ _ . ’ .
0 4+ £/(@)- VaYl = | min |V + f(0) - VaY .

d¢Y minimizes an “interaction functional” miny ez, vy [V + f'(v) - VY.

-f'(v)-vVY

- ‘]{"V Y= Vmin + Zmin H Vmin 1 Zmin



Example. Let z € R, f” > 0and v~ < ut.

ut z€[0,L/3)
uo(z) = ¢ u~ xz€[L/3,2L/3)
ut  x€[2L0/3,L]

Set Yo = Y(x,uo(x)), and Yz(x,v) = Yo(x, v) * we(x).
Let 0:Y: be the solution of the minimization problem

min_ |V + f'(v) - V.Y,

VETK(YE)
then
—f'(v) - VY. =z close to 2L/3 . _
oY, = —00,Y. x close to L/3 o= M
0 otherwise ur o
L
N N
ut
N
el
s
[0) 7

t 13
. Ly ZL/,,> L X



Part 11

Admissible set K = { maxwellians }.
Motivation — gradient flows in the spaces of prob. measures.

Of +dive(§f) =0, &€ 0P(f),

®(f) — displacement convex functional.

> (Otto) The heat eq. and porous medium eq.

f/flnfdv,q):L/pmdv.
m—1

» (Kinderleher-Jordan-Otto) Fokker-Planck equation.

/fln( )dv feK.

> (Carlen-Gangbo) Time-discrete scheme for a model Boltzmann
equation:
f

Of4+v-Vof —=Tdiv,(fVyln —)=0.
My



The Euler equations in R*® for monatomic gas (y = 5/3).

> (p,u,T)(xz,t) — density, velocity and temperature of the gas.

» Kinetic density: f = ﬁef%.

» The Euler equations:
1

(E.eqgs.) / 1)2 (Oef +v-Vaf)dv=0.
lo]
Maxwellian densities:
EUES
K=1n= ((Bsz)w ueR® T eR"

in the metric space

2 . . .
P = { abs. continuous prob. measures on R?® with finite second moments} .



(Refs.: Ambrosio-Gigli-Savaré, Villani.)
Metric Wa(u,v) given by

W) = [ 1) = ol e
= min t(v) — v pdv,
i [ 1) = ol

t;,(v) — optimal map, carrying u to v.
Tangent vector: let u(t) be a smooth curve in P2. The tangent vector to
wu(t) is defined as

t“(Hh)(v) —

v(t,v) = lim u(#)

. 2
P h 5 m LH(t> .

> v(t,v) is the transport velocity:

Orpp + div o (vu) = 0.



For p1, po in K,

T: T:
2 (v) = w/%eruzf,/ﬁul.

For u(t) C K, tangent vectors v = a + v, a € R*, 8 € R.
Tangent plane to K at p:

Tr(p) = {a+pBv: a cR® B R}



For p1, po in K,

T: T:
2 (v) = w/%erugf,/ﬁul.

For u(t) C K, tangent vectors v = a + v, a € R*, 8 € R.
Tangent plane to K at p:

Tr(p) = {a+pBv: a cR® B R}

Convexity (McCann):
Given p1,p2 € K, and a € [0, 1], let

ta(v) = av+ (1 - a)t,3(v),

> toFu1 is a constant speed geodesic between pi and po.
> to#p1 coincides the optimal map ¢/, where po is the maxwellian
with (ta,Tw) given by
Ue = (1 — @)u2 + auq,
VTy = (1 — Ot)\/TQ + a/T1.

For
0 peK
D(p) = ’
W={ 2 L5k

> & is displacement (geodesically) convex: for any u1, p2 € K,

B(tatin) < a®(ur) + (1 — a)B(ji2).



Subdifferential:
Let @ : P} — RU {+oc} be displacement convex. An element ¢ € L7,

belongs to 8% for any v € P2,
() > @)+ [ ¢0)- (o)~ 0) du
€ € 0K (n), with p € K, if ¢ € L7, and
/év(aJrﬁv)pdfu:O, aeR? BeR,

i.e., OK(u) is the orthogonal complement of Tk (1).



Subdifferential:
Let @ : P} — RU {+oc} be displacement convex. An element ¢ € L7,
belongs to 8% for any v € P2,

() > @)+ [ ¢0)- (o)~ 0) du
€ € 0K (n), with p € K, if ¢ € L7, and

/fv(aJrﬁv)udv:O, aeR? BeR,
i.e., OK(u) is the orthogonal complement of Tk (1).

Given (p, u,T)(x,t) smooth solution on (E.egs.) and f its kinetic density
compute

(K.E.eq.) Ouf +v-Vaf +div,.(£f) =0,

with | ‘2 - )
v —u = t
E= — (3 -7 ) > +(v—u) (D — ?cr(D)]I) ,

where D = (Vyu + Viu)/2.

With p = f(z,t,-)/p(z,t) € K,
6(1’7t7 ) € Li(w,t,-)(RS)a £(x7t’ ) € 0K (u(x,t, )) .



Minimization.

Consider a normalized transport curve 7y, € P2,

_ f(xz—wh,t,v)
[ fx—hv,t,v)dv’

U

and pp, = f(z,t + h,v)/p(z,t + h) = pt+ h) € K.
Let &2,& € Lio be the tangent vectors to n, and pp at h =10

Onpn +divy(&1pn) = 0,
O + divv(fz’ﬂh) = 0.

Then, with € from the (K.E.eq.),
o=&+E & LE inLl,,
and

— = _ min = .
1€ = &allzz geTK(w))Hf &l



Discrete time projection scheme:
1. (Transport) Given f" !(x,-) and h > 0, define

pn(ﬂf) = /f"*l(m — hv,v) dv, [Ln(x”[)) — %(_x;h’v)

2. (Projection) Find a minimizer p" € K :
Wa(p", i) = gglng(n,u )-

3. Set
[ (@) = p"(z)p" (2, ).

» There is unique minimizer p™ in Step 2 and (compare with BGK)
/f" dv = /f"il(:c—hv,v) dv,

/vf"_l(:): — hv,v) dv,

/\v|2f" dv < /|v|2f"71(x—hv,v)dv.

—
<
<

3
W
<

Il



Local error estimate.

Let (p,u, T) € CF,(R® x [0,To]) be a solution of the Euler equations with

infp=inf p(z,t) >0,
B3 x[0,T0]

infT = inf T(z,t)>0.
R3 x[0,Tp)]

Let f(z,t,v) be the kinetic density of (p,u,T), p = f/p, and h > 0.
With p' — first iteration of the discrete scheme,

WQ(,U'I ('T7 ')7 /J‘('Tv h, )) = O(h2)7
uniformly in x € R®. Additionally, uniformly in z € R3,

1
/ vi | (f'(2,v) = f(z,h,v))dv = O(h?), i =1.3.

0]



Local error estimate.

Let (p,u, T) € CF,(R® x [0,To]) be a solution of the Euler equations with

infp=inf p(z,t) >0,
B3 x[0,T0]

infT = inf T(z,t)>0.
R3 x[0,Tp)]

Let f(z,t,v) be the kinetic density of (p,u,T), p = f/p, and h > 0.
With p' — first iteration of the discrete scheme,

WQ(,U'I ('T7 ')7 /J‘('Tv h, )) = O(h2)7
uniformly in x € R®. Additionally, uniformly in z € R3,

1
/ vi | (f'(2,v) = f(z,h,v))dv = O(h?), i =1.3.

0]

Open questions.
» Convergence of the scheme to a smooth solution.

» Variational formulation for weak solution.
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