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1. Introduction

Issue

@ System of conservation laws modelling a physical phenomenon like in fluid
mechanics, ...

{atw +V . F(W)=0,
W(O, X) = Wo(X).

. Physical constraints: W € W/
m Maximum principle (Euler for incompressible fluids: density)

m Positivity (Euler for compressible fluids: density and pressure)
@ These constraints must be satisfied:
m at the continuous level (relevance of the mathematical model)

m at the discrete level (robustness of the numerical scheme)

e 5 ]

Y. Penel (LJLL) Positive schemes for Euler



1. Introduction
Example

Euler equations for a 2D perfect fluid:

W = (p, pu, pE), F ="(pu, pu® u+ pI,(pE + p)u)

W3 + W;
W:{W€R4 cp=Wi1>0e p=(y—1) [W4—%] >0}
1

W/, if x1 < 0,

Riemann problem: Wy (x) = {W x>0
ry IT X1 o

Rarefaction waves and vacuum (Einfeldt, Munz, Roe & Sjgreen, 1991):
@ po >0, u >0, Eo>ug/2
a W/ = (PO; _POUO:O;POEO) and Wr - (PO:POU01O:P0EO)

4y
3y-1

@ |f Eo > u3, then density and pressure remain positive.
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1. Introduction

Positivity-preserving schemes

1st order
@ Einfeldt et al. (1991), Bouchut (2004)
@ Godunov, Rusanov, HLLs / Roe

2nd order: FV schemes + MUSCL strategy
@ Scalar equations: Clain & Clauzon (2010), Calgaro et al. (2010)
m Modification of limiters

m Adaptation of the CFL condition
: Systems of conservation laws:
m .. monoslope reconstruction: Perthame & Shu (1996)

m . multislope reconstruction: Berthon (2006)
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1. Introduction

MUSCL strategy
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1. Introduction

Modification of Berthon’s strategy (2006)

f (WZz WJ,:: nU)

e W/u]
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1. Introduction

Modification of Berthon’s strategy (2006)

( rl n n
W;H'l = W:’ — At" :QJI:?(WU;WJI:"U)
L Jev(i)
f n |Q:*| * |QU| n
w! = Blw Wi
PV 2 W
| JEV(i)
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1. Introduction

Modification of Berthon’s strategy (2006)

( rl n n

W;H'l = W:’ — At" :QJI:?(WU;WJI:"U)
L JEV(i)
f n |Q:*| * |QU| n

w! = Blw Wi

PV 2 W

| JEV(i)
Wf’“ _ ||S;2i'||w;‘ + %WU
’ jeviy
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1. Introduction

Modification of Berthon’s strategy (2006)

ri' n n
W = W! — At” H}' (Wij;Wji:"U)

L JEV(i)
f n |Q:*| * |QU| n

w! = LW + W;

Io] Z Q| 7
| JEV(i)
W}’H _ ||S;2i.||wl* + %WU
( ' jeviy

_ A

[ W = W' — Tt[f(wn,vn’n) - f(WH’W"’n)] ]

for a suitable 1D flux 7 and a small enough time step At

e Tss————

Y. Penel (LJLL) Positive schemes for Euler



1. Introduction

Modification of Berthon’s strategy (2006)

rl n n
W;H'l = W:’ — At" :QJI:?(WU;WJI:"U‘)
L JEV(i)
W) = /W + (1-7)) > nyWj
| JEV(i)

[ W = W — %[}'(W",V",n) - F(W",W" n)] ]

for a suitable 1D flux 7 and a small enough time step At

e W/u]
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1. Introduction

Modification of Berthon’s strategy (2006)

( How to choose 7] and 7;? J

( Accuracy ) ( Efficiency )
C tati f l
o otz o
state Wi € W the CFL condition

| l

( "large” n} J ( Balance? J ( "small” nf J
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2. CFL

Outline

e Computation of the time step
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2. CFL

Convex combinations

( A
LA AN %}' (W3, Wi, n;)

L e )
4 3
Wi =i W +(1=n)) ) W) W =W+ (=) Y W

JEV(i) JEV(i)
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2. CFL

Convex combinations

( A
1 Tl
Wit = W - A E o (W5, Wi, n;)
jevi)

(. J/
4 3
Wi = ni W+ (L= n) Y W) W =g W (=) Y W

JEV(i) JEV(i)
L J/
( \

4
W; = Wi - At"§ GuF (Wh Wi onik), J € V()
k=1

4
W= c_ka
Hij, k
k=1

i,

Wik = Wi — At [T(W}}, W) onik) — F(W, W1, n,-,-,k)]
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2. CFL
Assumptions

Flux In addition to classical properties, we assume:
V(V,W)eW? W - ELHF(W,V)—-F(W, W) eWw
under the CFL condition At max|)\k(V W)| < agl.

CFL Condition At" x jrenva(>’§) {,uu 1<k<4,u,J k} x AT < ag

)‘ln _ernVa()l( {|ulj nUyk|+Cu’|uUk nUk|+Cuk}

1<k<4
Optimization The optimal coefficient reads

N sinf >0
@ -l & ny P

1092| . 20 nyl0%y| ni10U1
11—
1ol LS\ ey T ety ) T eyl

Pt (7, my) =
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2. CFL
Assumptions

Flux In addition to classical properties, we assume:
V(V,W)eW? W - ELHF(W,V)—-F(W, W) eWw
under the CFL condition At max [Ac(V, W)| < agl.

CFL Condition At" x jrenva(>’§) {,uu 1<k<4,uu k} x AT < ag

j‘ln = rEnVa()l( {|uu nU1k| + CU’ |I.IU ki, k| -+ CU k}
1<k<4

Optimization An optimal bound for the solution is given by:

1 Tl 1082,
opt * ]

N . = — = = 3 -
Hi <7]/ 3'01 |3§2,~|> |€2;]
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2. CFL

Example

Y. Penel (LJLI
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3. Admissibility

Key-point

Reconstructed states
W? + AW} € W provided a suitable 7-limiter is used.

Making the additional state admissible
Wi =W+ AW},

1 n n n 1_777( n
Wi Wi—(1—m) Y, mWi| =Wj——" > nAW}

I

jevii) M ev
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3. Admissibility

Key-point

Reconstructed states
W? + AW} € W provided a suitable 7-limiter is used.

Making the additional state admissible
Wi =W/ 4+ IAW],

* 1 n *\ an n n 1- 777( n n

Wi:E Wi — (1 —n7)B ZT]UWU =W/ - ———F Z’?UAWU

1

Jev(i) ! Jev(i)

Brel0,1] = Wj=(1-p8WJ+p] [W]+AWj] €W
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3. Admissibility

Key-point

Reconstructed states
W? + AW} € W provided a suitable 7-limiter is used.

Making the additional state admissible
Wi =W/ 4+ IAW],

* 1 n *\ an n n 1- 777( n n

Wi:E Wi — (1 —n7)B ZT]UWU =W/ - ———F Z’?UAWU

1

Jev(i) ! Jev(i)

Brel0,1] = Wj=(1-p8WJ+p] [W]+AWj] €W

*
pi >0, pf >0 = ﬂf:min{l, 12’7'*6}.
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1. Introduction 2. CFL 3. Admissibility 4. Simulations 5. Conclusion |
1-2-3 test case
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4. Simulations

1-2-3 test case
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4. Simulations

1-2-3 test case
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5. Conclusion

Perspectives

Done
v Analysis of robustness of general MUSCL strategies
v Derivation of (sufficient) conditions to preserve positivity
v Explicit CFL conditions

v Easy adaptation of industrial codes

@ C. Calgaro, E. Creusé, T. Goudon & Y. Penel, Positivity-preserving schemes
for Euler equations: sharp and practical CFL conditions (under revision).

To do
@ |nfluence of the numerical flux on g/
@ Determination of sets of parameters that activate 87

@ Application to other systems of conservation laws

e
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