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0 Introduction
@ Multilayer Flows
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2-layer flows

ha(z,t) + ho(z,t) + b(z)

Variables:

@ heights h;, discharges q;

@ densities p;
@ bottom topography b
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System of equations

: Pressure
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System of equations

For each layer i, one has the equations

8th,-+8xq,- = 0,

2
0tqi + Ox (77—' + gh,z) = —gh; ( > ki TiOx Pk + D i Oxhk + 3xb> ;
1
L
with r; = pf.
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System of equations

For each layer i, one has the equations

othi +0xqi = 0,
q'2 g,-
i U v he — .
0nQ; + Ox h,-+2h’ - gh’(_+_>’

with Ii = %
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0 Introduction

@ Instabilities
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Approximations (Schijf/Schonfeld)

External and internal eigenvalues:
1
~ Uavg + (g(h1 + h2))2

.
hyh (g — w)? 1) 2

+ ~ / 1112 _\th — W)

)\,-nt ~ UCOI'I :l: (g h1 + h2 |:1 g,(h1 + h2):|) 9

where g’ = (1 — r)g, Ucon and U,y Weighted averages of velocities.
Accuracy of approximation depends on r and |uy — Us|.

)\i

ext
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Approximations (Schijf/Schonfeld)

External and internal eigenvalues:

~  Uayg % (9(h + hp))?

h1 h2 |: (U1 — U2)2 :|)2
e~ Ut (o NG
int eon (g hy + he g'(h + h2)

where g’ = (1 — r)g, Ucon and U,y Weighted averages of velocities.
Accuracy of approximation depends on r and |uy — Us|.

)\i

ext

Approximative criterion for loss of hyperbolicity:

(U — p)?
S G Bl VR
" g'(h1 + ho) ”
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Breakdown of hyperbolicity

surface, interface(s) and bottom at time
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Breakdown of hyperbolicity

surface, interface(s) and bottom at time 1.355
25 T T T

discharges of the layers
T

discharge
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Breakdown of hyperbolicity

25

surface, interface(s) and bottom at time 2.708
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Breakdown of hyperbolicity

surface, interface(s) and bottom at time 4.061
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Hyperbolic region for original system

hyperbolic NON-hyperbolic

S

2
Y
Ll

|u

(U — up)?
= >1.
T g(hy + hy) ”
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e Adaptive Multilayering
@ Intermediate layer
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Introducing an intermediate layer

6 values (hj, qi, pi) ~ 9 values
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Transformation formulas

Assumptions:
@ mass (M), momentum (Q), total height (H) preserved
@ velocities: uy = Uy, U = o
@ densities: p1 = p1, p2 = po
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Transformation formulas

Assumptions:
@ mass (M), momentum (Q), total height (H) preserved
@ velocities: uy = Uy, U = o
@ densities: p1 = p1, p2 = po

Formula (e.g.):

+ 7 1
pm=212 Py = by = 3,
- 1
ho = hy — Ehm’
_p1Uy + pal
Up = ——55,
P11t p2
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Analyzing the transformation

Take hy, = h@ ~~ 3-layers degenerate into 2 (or 1) layers:

p (ur — up)? 1
pr+p2 g(h+h) 2

R,

since p1 = po.
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Hyperbolic region for 3-layer system

ratio 6 : _h+h ~0.11

hyperbolic NON-hyperbolic
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Hyperbolic region for 3-layer system

ratio 0 := h+h ~ 0.22

hyperbolic NON-hyperbolic

1 2
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Hyperbolic region for 3-layer system

ratio 6 := h+h ~ 0.33

hyperbolic NON-hyperbolic

2
2
lu =,
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Hyperbolic region for 3-layer system

ratio 6 := h+h ~ 0.44

hyperbolic NON-hyperbolic

2
2
lu =,
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Internal eigenvalues

Real Parts of internal EV — k = 0.97

real parts

e M
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Internal eigenvalues

Real Parts of internal EV - k = 1.02
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Internal eigenvalues

Real Parts of internal EV — k = 1.11
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Optimization of hy,

@ Two-layer indicator:

3(U) = IR — RG] = 1S(AR) = SN,
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Optimization of hy,

@ Two-layer indicator:

3(U) = IR — RG] = 1S(AR) = SN,

@ Multilayer indicator: minimum over all pairs of eigenvalues
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Optimization of hy,

@ Two-layer indicator:

3(U) = IR — RG] = 1S(AR) = SN,

@ Multilayer indicator: minimum over all pairs of eigenvalues

@ Optimization in the range Z,, = (0, hp®) = (0,2 min (hy, ho)).
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Optimal layer heights for 3-layer system

hm/H vs. r; for ratio 6 := 2. ~ 0.11
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Optimal layer heights for 3-layer system

hm/H vs. r; for ratio 6 := "2 ~ 0.22
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Optimal layer heights for 3-layer system

hm/H vs. r; for ratio 6 := "2 ~ 0.33
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Optimal layer heights for 3-layer system

hm/H vs. ; for ratio 6 := 2. ~ 0.44

e opt
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o max
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J. T. Frings, S. Noelle (RWTH Aachen) Adaptive Multilayer SW flows Hyp2012 17/29



e Adaptive Multilayering

@ Numerical results
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Numerical results

surface, interface(s) and bottom at time 4
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Numerical results

surface, interface(s) and bottom at time 4.2
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e Viscosity and Friction
@ Equations
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For the ith layer:

8th,--|-8xq,- = 0,

2
0¢qj + Ox (% + gh?) = —gh,' <Z IiOx hyg + Z Oxhy + 8Xb>
j

k<i k>i
+pi(OzU(nj—1, t) — OzuU(n;, 1))

with p; kinematic viscosity coefficients (+ turbulent viscosity),
ni = S, hj+ b (cf. Audusse, 2005).
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Sublayers and profiles

Split ith layer into Ng,p ; sublayers:

H 1
Zij = M=y y
Suo,i

) j:17"'7NSUb,I'

Attach velocities u;; to midpoints, discretize z-derivatives:

YUij—1 — Ui

.

8zu(z,-,j, ) ~
ivj_1_% o ’7j_%
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Viscosity matrix

Within ith layer:

n+1 (h*/Nsub/) q,fj

At
n+1 _ n+1 _ , n+1
Zij-1- ‘_Z/ N
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Viscosity matrix

Within ith layer:

n+1 (h*/Nsub/) q;jj

At
n+1 n+1 _ , n+1
= i ufih — upf C Uiy Ui
Zij-1-3 Ty Zi-t T G-

n-+1
& ult - (B /Nsup,i)
n+-1 un+1 un+1 N un+1

u™ oy n- n-
_ . f,j—1 of Ty i,j+1 sy
At'ul Z. . 1 —2Z . 1 Z.. 1 —2Z. . 1 _qlvf
171_1_§ Iy/_§ I)/_z I’/+1_§
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Viscosity matrix

Within ith layer:

n+1 (h*/Nsub/) q,fj

At
n+1 n+1 n-+1
S Ve -y Yij  — Ui
= 1 _
Zij-1-5 T Fij-f -3 T F-d
n+1
< (h /Nsub/)
n+1 _ n+1 n+1 _ , n+1
N T e e R ¥ M V5 B Y
Hi\z- 1 —Z 1 Zio1—Zii4 1 =4
171_1_§ Iy/_§ I’/_E I’/+1_§

*

~  Ah, AU = gr .
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surface, interface(s) and bottom at time 5.36

15

height
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Algorithm

Timestep splitting:
@ Solve coupled hyperbolic balance laws:

* n_ﬂ — (1 n _nt n
Ut =U"— 20 (G (U".b) ~ GF, (U b)

@ Introduce or enlarge layers if neccessary
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Algorithm

Timestep splitting:
@ Solve coupled hyperbolic balance laws:

* n_ﬂ — (1 n _nt n
Ut =U"— 20 (G (U".b) ~ GF, (U b)

@ Introduce or enlarge layers if neccessary
@ Solve equation systems given by viscous terms:

A(hr, Atyu™" = gr
hpﬂ) he 1
od = S Un+1 X
(qf+1 Nsub,i ; UI{Z]TH

e Store velocity profile
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Algorithm

Timestep splitting:
@ Solve coupled hyperbolic balance laws:

* n_ﬂ — (1 n _nt n
Ut =U"— 20 (G (U".b) ~ GF, (U b)

@ Introduce or enlarge layers if neccessary
@ Solve equation systems given by viscous terms:

A(hr, Atyu™" = gr
hpﬂ) he 1
od = S Un+1 X
(qf+1 Nsub,i ; UI{Z]TH

e Store velocity profile
@ Dissolve layers if possible
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e Viscosity and Friction

@ Numerical results
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Test case 1

surface, interface(s) and bottom at time 5.414
25 T T T T
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0.15 T
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Test case 1

surface, interface(s) and bottom at time 6.769
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Test case 1

surface, interface(s) and bottom at time 13.54
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Test case 1

surface, interface(s) and bottom at time 27.08
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Test case 1

surface, interface(s) and bottom at time 47.39
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Test case 2

surface, interface(s) and bottom at time 0.2306
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Test case 2

surface, interface(s) and bottom at time 2.707
25 T T T

N

height

0 N L I I E——

discharges of the layers
T

discharge

J. T. Frings, S. Noelle (RWTH Aachen) Adaptive Multilayer SW flows Hyp2012 28/29



Test case 2

surface, interface(s) and bottom at time 5.412
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Test case 2

surface, interface(s) and bottom at time 8.118
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Test case 2

surface, interface(s) and bottom at time 47.36

25 T T T
2 FIOOOOOOOOOOOOOOOOOOOOIOCICIEK
= 151 n
E
2
£
1 L i
051 .
0 L Il L L 1
-3 -2 -1 0 1 2 3
X
discharges of the layers
0.005 T
0 \
—0.005 -
)
S -0.01~
S
& -0.0151
o
-0.02
-0.025
-0.03 Il Il Il Il L
-3 -2 -1 0 1 2 3
X

J. T. Frings, S. Noelle (RWTH Aache

Adaptive Multilayer SW flows Hyp2012 28/29



Conclusion

Refined modeling:
@ Introduction of intermediate layer
@ velocity profiles (sublayers, Audusse et Al.)
@ viscous and friction effects (Audusse et Al., Gerbeau/Perthame)
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Conclusion

Refined modeling:
@ Introduction of intermediate layer
@ velocity profiles (sublayers, Audusse et Al.)
@ viscous and friction effects (Audusse et Al., Gerbeau/Perthame)

Numerical techniques:
@ Refining (layer-wise)
@ Coarsening (layer-wise)
@ adaptation strategy
@ treatment of “dry” states
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Conclusion

Refined modeling:
@ Introduction of intermediate layer
@ velocity profiles (sublayers, Audusse et Al.)
@ viscous and friction effects (Audusse et Al., Gerbeau/Perthame)

Numerical techniques:
@ Refining (layer-wise)
@ Coarsening (layer-wise)

@ adaptation strategy
@ treatment of “dry” states

Thank you!
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