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PDE-based modeling __/\\
Conservation Laws: '
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W (z,t) . density of any conservative variable
F: flux along the outward normal direction 77 of 9}
s . the parameter used to define o2
~S'% source term
KWL the time at the nth time step
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PDE-based modeling PR
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Continuous Discontinuous

The use of Euler equations in a highly non-equilibrium flow
region Is problematic.
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A high-order NS solver

Bhatnagar-Gross-Kook (BGK) equation:

ravi=tL

. gas distribution function

. particle velocity

. equilibrium distribution function approached by f
. particle collision time, 7 = u/p

. dynamic viscosity coefficient

. pressure.
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In 2-D case:

[a‘:’: (x,y), U= (u,v) }
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A high-order NS solver

(W = (p, pU, pV, pE)T:

(U, V): macroscopic

mass, momentum and
energy density ) [W — f / / (0 fdudfvdg}

\velocity of the fluid

-~

2
d§ = d§1d&s...dEk

K: number of degrees of internal freedom
K=(4-2v)/(y—1)in 2-D
ky: specific heat ratio

¥ = (1, ¥, s, 9)T = (L, u,0, = (u? + 0% + €2))7

~

2012/6/25

-

" U



A high-order NS solver

-

The mass, momentum, and energy are conserved during G
particle collisions.

U/ BN —0, o-123 4}

g1s a Maxwellian distribution function, 1.e.,

o=o(2)

K+1

eA((uU)%(vw%sZ)}

A=m/(2kT) m . molecular mass
L4 k: Boltzmann constant 1': temperature
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A high-order NS solver -—/\

The NS distribution the Chapman-Enskog (CE) expansion of
BGK equation:

[ Ns(E 6,0,€) = g, 1, T, €) — 7lgu(Z, 6,7, €) + @ - Vg(i, 1,4, s)]}

The integral solution of BGK equation:

F(@t,@,6) =21 [ e =t)Tg(gl ¢ @ &)dt' + e V7 fo(Z — iit, @, &
T JO

v =& — it — ')

.fo(f,ﬁ‘ &)« initial distribution function.
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A high-order NS solver _/\
(0,0) —
Continuous modeling:

Taylor expansion of the NS distribution
F(Z,1) function around (0,0) gives the local
continuous distribution function at the

JT cell interface.

—

I
e 9 o 9
ﬂx, t) = fns(0,0,0) + fNS |(o 0,007 T fNS ‘(o 0,00Y T Jgfs (0,0,0)t\

9% f

1 18°fns O fns
T35 ‘(000)37 T3 ayN ’(000)9 T “Bzay ’(0,0,0)$y

| 1 0%f 2 , O%f 0% f
| \ +2_8tgs‘(0,0,0)t + axgtS’(O,O,O)xt+ 8ygt8’(0,0,0)yt' 4
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A high-order NS solver

mitial reconstruction:
W(z,y)

oW 1 9°W
T8y ‘(00 Y+ 3z

1 90°W °W

Qﬁ 0y?

‘(0,0)3‘7

~

_ oW
=W(0,0) + G5 | 0.00%

2

‘(0 0) y® + dxdy (0,0)xy/

//fgm()()Owdudvdg—

-

@/Q(0,0,0)wdudvdf = W(0,0,&_

/ / / 9,(0,0,0)¢dudvdé = 8_y|(0,0)
/// 922(0,0, 0)ypdudvdg = O*W

rel | (0,0)

N

e

0.0

/

[Fns(@,8) = 9(@1) — 7lg:(& 1) + @ Vg(&,1)] |

l

YIS

)+ 4 - Vg(Z,t)]pdudvdé = OJ
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A high-order NS solver B

0,0 - - : R s
(0,0 Discontinuous modeling: ~=
£ Get the distribution function at the cell '
Interface through the integral solution.
i (f(@,t,@,6) = L [Le= g ¥, i, 5)dt]
f‘ I S e fo(Z — 4t G, &)
> & 8%, 8, 6) s 2l
L fO(fJ ’L_l;,f) s
i fo(Z,4,8), = >0.
Géjr(f) :ffgfs(o,o,o)Jr aJc;r\c}s‘(0,0,0)3'3 \ a Initial reconstruction:\
o 3 e wWH®) & W"(@)
Of N 10 fz\}s 2
+t=5y l0,00Y 1 27522 ’(0,0,0):8 l l
PEL- I 0 1 fo 1o
r"\ 2 "9y2 1(0,0,0)Y Jz 0y (o,o,o)aj/y \_ J
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A high-order NS solver —_f\

(0,0) !

g(Z,t) = G+ Gu + Gyy + Get + 2 G024+ 3Gyyy?

+§my$y 2R %gtttZ o gact-fmf -+ gytyt

W (2)
[// (g_f)wadUdedgzoa @:1727334}
[Wo = [[ff gududvde = [[[,_, £4(0,0, €)ydudvde + [f[,_, f5(0,0,, ﬁ)wdudfudﬂ

/Equililiium reconstruction
from Wy and the
information of neighboring

\cells Y,

L"/X 25 Uff [g:(Z,t) + 4 - Vg(Z,t)]vdudvdé = O} y U

=LV




A high-order NS solver Tio1)2 1174:17*2—/\
Yj+1/2 '

Finite volume scheme (w1, 5;)
In a rectangular cell: ;
Yj—1/2 L

X

o= ' e “;Q

The flux F' of the conservative variables at the cell interface:

[F(:E’, ) = f f / il g)dudfudg}
&

& 3
Wit = Wi + =L ™8 [ [ o(t @) — Fya(t,@)] dedt

A.’L‘%ij tn 581;_1/2 J J

tn ’
9 -I-Aa:z-lij ftn . ;jjll//; [Fi—l/Q(tay) — Fiy1/9(t, y)] dydt

4
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A high-order NS solver
Collision time:

Eﬂ(o y,t i 5 ) fo Q’( ut’ —Ut’,t!,ﬁ, f)e(tt’)/Tdt’}

—I_e—t/TfO(_UtJ Yy — Utv {L_L’v 6)

Ins(@ 1) = 9(@1) = Tlou(@,t) + 1 Vg(&,1)]

Euler solver:

70 = aloVA + AV — 971/ (0 + 7))

NS solver:

o T =p/p
\,,,X To = p/B + BAZVAP — 7| /(B + p")
T > U




A high-order NS solver PR
The 5th order WENO reconstruction: ..~

@ : the variable to be reconstructed
Q;: the cell averaged value in the ith cell

Q., Qi : the two pointwise values reconstructed at the left and right
Interfaces of the ith cell

o O W)

|/ i \ {- ng_é(x)l | | | |
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A high-order NS solver ——f\
R e (B

Tj—1/2
&3 dS ~ &S ~ dNS 012
> Pl oL SR G A

( ) _pr )( /2)7 ~(S) _pg )(93'7;_1/2), S = 07 17 2

Z wyq”, Q) = Z 54,

In the numerical tests, "EPS1" means ¢ = 10-° and "EPS2" refers
to e = 10"2.
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A high-order NS solver B

Subcell reconstruction of GKS: P
1. The reconstruction of initial subcell flow distributions

\\
\
W;
) N
\\
\\
\\
Wq

2. The reconstruction of equilibrium high-order derivatives

1

Wo = [[[ gedudvds | |~

L’A i i+1 T
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WENO-SW scheme ——f\

Wt F(W)a + GOV )y = F*(W, Wa, Wy)a + G (W, Wa, W),

F and @G :inviscid fluxes
FYand GV : viscous fluxes

Steger-Warming splitting:

F=F"+F~

Ff=RATL, A=At + A"

4L /)\2
AE = diag\F, N5, ..., A5] with A = a: 2)‘@ e (i=1

e n)

A = diag|\1, Ao, ..., A\n] : matrix with diagonal eigenvalues of 0F/0W

*

/L : right/left eigenvector matrix
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WENO-SW scheme o

Inviscid flux

The construction of the numerical x-direction flux Fi—l—l 2.5 at the cell interface
(Tiv1/2, y5) of the cell (7, 7).

the Steger-Warming splitting

[Fi+l,j(l=—2,---,3)} [Fj_lj(l——Z,---,B)}

[Wiﬂ/g,j = (W, ,; + Wiﬂ,j)/Q] ey [ Lit1/2,5 and Ri+1/2,j}
Characteristic fluxes: WENO reconstruction
21 i I —
Fii;=Livye by (0=-2,---,3) 7’+1/2 J

:/{F@-H/z,j = Fi——'l_—l/Z,j + F,L.;l/m} —[F@-H/g’j =Rit1/2,Fiv1/2,5 ]
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WENO-SW scheme —/\

Viscous flux -
/In each cell (i, j), )
@ _ 45(qiv1,5 + qi—1,5) — Nqiv2,5 — Gi—2,5) + Qi+3,5 — Q-3
Ox i 60Ax ’
\Where ¢ could be T', U or V. -/
Fi
2 B 37(Ffj + F;ﬂrl,j) - S(Fiv—l,j + F;ﬂrz,j) +F o+ Fils,
i+1/2,5 — 60

- %
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Mach 3 step problem: e/

Computational domain: [0, 3] x [0, 1] BC: adiabatic slip Euler BC
Step location: = = 0.55 Step height: 0.2  Upstream velocity: (U, V') = (3,0)

120*40 cells

WENO-GSK-Euler| ~ [

WENO-SW - |
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Numerical results ——J\\

30*10 cells

WENO-GSK-Euler >

WENO-SW
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Isentropic periodic vortex propagation: 5
SraE

"

Q 2012/6/25

[




Numerical results -

~
oo, 000 _gdded 15
: Exact solution : Exact solution
B a WGKS-40cells EPS1 - m] WGKS-40cells EPS2
09} A WGKS-80cells EPST 09} A WGKS-80cells EPS2
- [o] WSW-40cells EPS1 - [e] WSW-40cells EPS2
B * WSW-80cells EPS1 s * WSW-80cells EPS2
:? 0.8 ~ ? 0.8 -
1] - 7] »
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Numerical results

0.9

0.6

0.5

t=100

Exact solution

u] WGKS-40cells EPS1
A WGKS-80cells EPS1
o) WSW-40¢cells EPS1
* WSW-80cells EPS1

o

Density

o o o b
o)) ~ e w0 —

o
s

(=] T I L | I LI I L I L L I LI B B

-
Exact solution
o WGKS-40cells EPS2
A WGKS-80cells EPS2
o) WSW-40cells EPS2
* WSW-80cells EPS2
| I R |
8 10
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Cavity flow: _7/\

U=1.0
-
—
|
~
< L=1.0 >

Mach = 0.3, Re = 3200

i
Ci)
*
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Numerical results R
Re = 3200, 65 cells |

WENO-GKS-NS WENO-SW
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Numerical results il
Re = 3200, 65 cells

i O Ghia'sdata - O Ghia'sdata
- WGKS-65cells EPS2 B WGKS-65cells EPS2
0.4 @@\, ----- WGKS-65cells EPS1 P D WGKS-65cells EPS1
- TR, e WSW-65cells EPS2 oskt | e WSW-E5cells EPS2
T - WSW-65cells EPS1 L ——.-= WSW-65cells EPS1
06
0.2 -
04 7
0¢ B
02
> = B
0
-0.2
-0.2
0.4 041 Qg s
[ PP
B e
-0.6 - .
-0.6 a1 [ I T TR T R [ T T T | ey T 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X Y
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Numerical results

e ———
e = |
Re = 3200, 33 cells e
i O  Ghia'sdata 1 B QO  Ghia'sdata
- WGKS-33cells EPS2 | WGKS-33cells EPS2
0.4 - = = = = WGKS-33cells EPS1 - |=m=aa WGKS-33cells EPS1
) he, === WSW-33cells EPS2 o8k e WSW-33cells EPS2
e, --—--—- WSW-33cells EPS1 e ——- - WSW-33cells EPS1
0.6
o4
so02f
0
_0_2 ;
_0-4 ; ........
0.6 [ 1 1 [ T R R I S T
0 0.2 0.4 0.6 0.8 1
*
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Numerical results

Error(t) = 2 |P($%‘ay:iii\;ﬂ(wi,yj,t—lon
N: number of cells

Computational time

Average computational time for one
time-step in cavity flow simulation:
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CPU time(seconds)

WENO-GKS

WENO-5W

33 x 33 ecells

1.8776Ge-002

4.3276e-003

65 x 65 eells

T.4369e-002

1.6433e-002
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Conclusion —-5
e Both WENO-SW and WENO-GKS yield quantitatively simil

SRR

results when a sufficient mesh points are used to resolve the
flow structure. With the reduction of mesh points, the WENO-
GKS appears to have less numerical dissipation than the WENO-
SW.

e Due to the operator splitting approach to discretize the inviscid
and viscous terms, in the cavity flow simulation, the solution of
the WENO-SW is more sensitive to the boundary treatment or
the reconstruction scheme.

e Because of its smooth transition from the upwind to the central
difference flux construction, the WENO-GKS is not sensitive to
the initial discontinuous point-wise data reconstruction at the
cell interface.

esides high-order initial reconstruction, a reliable gas evolution

$
ﬁodel IS Important in the construction of high-order schemes
E 2012/6/25 ll ‘MJ




® THE HONG KONG
u )_L.J UNIVERSITY OF SCIENCE
AND TECHNOLOGY P—
!
4

Thank y

.

-~

’/-j"‘
2012/6/25 37 ll' JJ

-



