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Llntroduction

LDiﬂ'usive relaxation limits

Main motivation for relaxation limits

Hydrodynamic limit for the Boltzmann equation:

1
vl +§- Vit = EQ(f, f)

v: Mach number and £: Knudsen number
ifv=c¢
(1) — Navier-Stokes equations as = | 0

Simplest discrete velocity model: Carleman’s equations

(% - )

Ot + Lok =
(ff —£)

Defy — L0,f =

1
e,
1

2

&

p=fi+fase| 0 satisfies p; = 3(log(p))sx
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|—Introdut:tion

|—Dn’fusive relaxation limits

Toy model (linear Cattaneo)

ui + v =0
Vi 4 il = —=vF
€
Time scaling: 9y — €0,
1
ui +-vg =0
2
c 1
g 1) 15
Vi + —Uuy = ——vVv
e g2
Flux scaling: v¢ — ev
uf +vi=0

€

£ vi + ul = —v
Formal limit: vy — c“uy =0
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LIntl'ctducticnn

LDifFusive relaxation limits
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Llntroduction
L Relative entropy

Relative entropy®
U (weak, entropy) solution and U smooth solution of systems of
conservation (or balance) laws and (7, g, ) a convex

entropy—entropy_flux pair B
Compute 7(U|U)s + >, 0aqa(U| U) for

n(U|U) = n(U) —n(U) = Vyn(U) - (U - U)
9o (Ul U) = qa(U) = ga(U) = Vun(U) - (Fu(U) — Fa(U))

This shall lead to a stability estimate, used in many different
contexts. Recently:

» Hyperbolic relaxation: L., Tzavaras ARMA '06; Tzavaras
Commun. Math. Sci. ‘05; Berthelin, Vasseur SIMA ‘05;
Berthelin, Tzavaras, Vasseur J. Stat. Physics '09;

» Weak—strong uniqueness: Demoulini, Stuart, Tzavaras

ARMA:; Feireisl, Novotny ARMA 12
3Dafermos, ARMA ‘79; DiPerna, Indiana U. Math. J. ‘79
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Llsentropic gas dynamics with damping

L Formal analysis

The model

Isentropic gas dynamics in three space dimensions with a damping

term:

1
pr+—divy,m=20
€

()

t € R, x € R3, density p > 0 and momentum flux m € R3. The
pressure p(p) satisfies p’(p) > 0 which makes the system
hyperbolic. y—law: p(p) = kp? with v > 1 and k > 0. In the
diffusive relaxation limit = | 0, solutions of (2) formally converge
to those of the porous medium equation

pr — Dxp(p) =0
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Llsentropic gas dynamics with damping
LFormal analysis
:

Hilbert's expansion/1

We now use the standard Hilbert's expansion

p=potepr+eippt...,

m=mg+em +e’my+ ...,
into (2) and into

1 1
n(p, m)e + — diviq(p, m) = — 5 Venti(p, m) - m = —

for the mechanical energy 7(p, m) = =

— <0
g2 p
1|mf?
=Lt h(p
o~ T hie)
. |m|?
and the associated flux g(p, m) = =m
h”(p) — P'(P)

2 p?
P

+ mh'(p)
. ph (p) = p(p) + h(p)
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Llsentropic gas dynamics with damping

LF0|rmal analysis

Hilbert's expansion /2
From the equations we get:
O(e71) divamg =0
O(1) O¢po + divaem; =0
O(e) Otp1 + divymy =0

0]

(e72) mp =0

(e71) — m1 = Vip(po)
(

(

o

0]
0]

1) — my = V(P (po)p1)

. m; ® m 1
€) — mz = Ormy + divy <T) + Vi (P’(po)pz + Ep”(po)pf)
In particular, we recover the equilibrium relation mg = 0 for the
state variables, the Darcy's law m; = —Vp(po), and that po
satisfies porous medium equation
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Llsentroplc gas dynamics with damping
LFormal analysis
:

Hilbert's expansion/3

From the entropy we get

(1) h(po)e + divx (mih'(po))

m?
Po
O(¢) 9:(h'(po)p1) +divx (m2h'(po) + mih"(po)p1)
= [ P2y — 22
Po Po

Thus we recover the entropy dissipation relation associated to the
porous medium equation for pg

2
h(p)e — divy (H(0)Vp(p)) = — PO

p
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|—Isentropic gas dynamics with damping
LReIative entropy estimate

Reformulation of the limiting equation

We rewrite pr — Ay p(p) = 0 as follows

1
pt+ —0x,m; =0
L c (3)
m; + gaXiﬁ(pv r_n) - —?ﬁ‘l + e(ﬁ) ﬁ‘))
for (p, m = —eV«p(p)) and the error term
1 _
= e(p, ﬁ')) = g diVX <m ﬁ ) — 66tVXp(ﬁ)

— i, (T2 V-0

p
= 0(e)

by

m

) VP (D) (7))



Relative entropy in diffusive relaxation

|—Isentroplc gas dynamics with damping
LReIatlve entropy estimate
:

Relative entropy/1

The relative entropy is of the form

n(p, m

|p, m) = n(p,

m|p, m

while the corresponding relative entropy-flux reads
qi(p

) = qi(pa m)

—an(ﬁ>_
|m m)2

2| ot (o) -

m) — np(ﬁ m)(p — p)
- vmn(ﬁa ﬁq) ( )

m

- qi(ﬁv _)
m) - (fi(p ]
ﬁ”(? -

n(p, m) —
2

+ h(plp)

np(p, M

,m) —
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I—Isentropic gas dynamics with damping

LReIative entropy estimate

Relative entropy/2
Proposition

Let (p, m) be a weak entropy solution of (2) and let (p, m) be a
smooth solution of (3). Then,

- 1 . o 1 o
77(P7mfp,m)t+gdlvxq(p,m\p,m) S_?R(pam|pum)_Q_Eu

where

B 1 5 — ﬁXi 0
Q= EV(p’m)T](pv m) (f_nx,') ‘ (f;(p7 m|ﬁ’ Fn))
= = > 0 W (o, mlp. )
ij

— 12 —

_ - m m __. p(m m
R(p,m\p,m)zp‘—_‘ E=e(p,m)-_<—_>
PP p P
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Llsentropic gas dynamics with damping
LStabiIity and convergence

Control of the quadratic term @

Lemma )
If p(p) satisfies p”(p) < Appp) V p >0 for some A> 0, then h(p)
verifies

p(plp) < ch(plp)  Vp,p>0

for a given constant ¢ > 0. Moreover, there exists a C > 0 such
that for any fixed i

|fi(p, m|p, m)| < Cnlp, m|p,m)

mi m; m;j r77j> _
pmlp,m)=p|(———||———=|+plplp)d;

fi(p:m1p m) < p p> < pp !
Remark: For a y—law gases:

v>1, h(p) = 25p(p); v =1, p(p|p) =0
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Llsentropic gas dynamics with damping

LStability and convergence

Possible framework
We assume

(H1) p is a smooth, positive solution of the multidimensional
porous medium equation

(p, m) be a weak solution of (2) such that p > 0, satisfying
the entropy inequality, p — p € L}(R3),

dx < +00
t=0

/ n(p, m|p, m)
R3

and
q(p,m|p,m) = 0, as |x| — 400

the pressure p(p) satisfies p”(p) < Aplﬁp) YV p>0; for
instance, p(p) =p7, v >1
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Llsentropic gas dynamics with damping

LStability and convergence

Stability and convergence/1
We denote by

P = [ nlo.m (7. )

Theorem

Let T > 0 be fixed. Under hypothesis (H1), the following stability
estimate holds:

p(t) < C(p(0) +€%), telo,T],

where C is a positive constant depending only on |po — po 11 (ws3),
T, p and its derivatives.

Moreover, if ¢(0) — 0 as = | 0, then

sup ¢(t) -0, ase ] 0
te[0,T]
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|—Isentropi:: gas dynamics with damping
|—Stability and convergence

Stability and convergence/2
Proof.

on // (p, m |7, M)drdx < 5(0) // (1Q|+|E|)drdx

/ |Q|dTdx < CO/ o(T)dT
R3

t 82 t e(ﬁ m) 2
/ |E|dTdx < / / ————| pdrdx + 2/ / ‘ — ‘ dTdx
0 R3 2 0 R3 P 25 R3

_ _ 1 [t _
< “(Gllp = Pl + Col7lx) + 55 [ [ Rlo.mIp.m)drds

=] 5 = = EE DA
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LOther applications
Lpfsystem with damping

The model

1

u——vy =20
€

1 1
Vi — ET(U)X =-av
where 7 satisfies the usual conditions 7/(u) > 0 to guarantee strict
hyperbolicity. For gas dynamics applications, u denotes the specific
volume, v the velocity and

() =-ot0)

where p stands for the pressure of the gas and p for its density.
Formal limit
ur — 7(U)xx =0,

thus with the relation (Darcy's law) at the limit v .= 7(u)x.
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I—Other applications

p-system with damping

Entropy (in)equalities

E(u,v) = L,

Y 1
—v —l—/ T(s)ds
with entropy flux given by

= <V

SV W(w),

F(u,v) =—vr(u)

and corresponding entropy inequality
1

E(u,v)e + g}"(u, V)x

<-=v2<0
E(u,0) = W(u) entropy for the limiting equation:

E(u,0) + F(u, 7(u)x)x —(T(U)X)2

[m]

=
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|—Other applications

p-system with damping

Relative entropy estimate

(a,v) = (@,e7(0)x) solves

1

Ut—*VX:O
9

N
Ve — ET(U)X =
Relative entropy:

—?V + ST(l_l)Xt

E(u,vio,v) ==

2(v — V)% + W(uln)

1 1
E(u,v|o,v)e+ g]-"(u, vI|o,v), < —E—Z(v — )2+ 7(0) et (u )

—e7(U)xe(v — V)

[m]

=
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|—Other applications

L Keller—Segel type models

The model

1
pt+—divy,m=20
€

1. m®m
m; + — divy,
15

1 1 1
+ gvxp(p) - T2 m + gpvxc
(—Axc+c=p,

where p >0, c € R, m € R3 and the pressure p(p) satisfies
p'(p) > 0. Easiest case p(p) = p°.
Formal limit:

{pt + divy (vac - VxP(P)) =0

—Ayc+c=p
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LOther applications
LKeller—Segel type models

Entropy (in)equalities
Modified entropy—entropy flux pair, based on the mechanical
energy of the system:

H(p, m, c) =n(p,m) — pc
Q(p, m, c) = q(p, m) — mc.
Then the entropy inequality becomes
|m|?

1 . 1
H(P, m, C)t + glex Q(p, m, C) < _?7 — pe

From the elliptic equation:
1 .
pCr = §(c2 + |VXC\2)t — div, (CtVXC)
Final relation:

1 1
<’H(p, m,c)+ E(C2 + \VXC\2)> +g div, (Q(p, m, c)—ec;Vxc) < —5——

t
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I—Other applications

L Keller—Segel type models

(P, m, E) =

Relative entropy estimate

(B, —=pVx (W' (p) — ©), €) solves
pr + — lex =0

9 . m ® m
m; + — divy

€

+ pr( p)

M + gﬁVXE + e(p, m)
Relative entropy estimate
<7—l(p, m,cl|p,m,c)+ %((C — 8>+ |Vi(c— E)|2)>
+ 2 divi (Qp, m, €7, m,€) — (e — 2)eVi
< —éR(p,mlﬁ,ﬁv)

c—27))
Q—-—P—-E,
where R, Q and E are as before and
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LOther applications

LViscoelasticity with memory

The model

(ut — v,y =0

1

vi —o(u)x — =z =0
€
" 1
Zy — —Vx = —727
€ €

where 1 > 0 and the elastic stress function ¢ satisfies the usual
condition ¢’(u) > 0 which guarantees strict hyperbolicity.

Formal limit:
ur— vy =0

Vit — U(U)x = MVxx,

for which the viscoelastic response is given by z = o(u) + pvy
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LOther applications

LViscoelasticity with memory

Entropy (in)equalities

E(u, v, 7) :/ua(s)ds—l—lv

]. 2
_.l_ —z
with entropy flux given by

F.(u,v,z) = —(co(u)v + vz)
and corresponding entropy inequality
1
E(u,v,z) + -F(u,v,2)x < —
€

2
—z<0
e
E(u,v,0) = X(u) + %vz entropy for the limiting system
for

E(u, v,0): + F1(u, v, o(u)x)x = —pu(vx)?

Fi(u,v,o(u)x)

—(o(u)v + pvvi)

[m]

=
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|—Other applications

LViscoelasticity with memory

Relative entropy estimate

(a,v,z) = (@, v,cuvy) solves

Ut—VXZO

\
Relative entropy:

E(u,v,z|0,v,z) =%

E(u, v,z

o 1
U,V,Z)t—{—*
9

Z, =0

- _ 1._ _

Zy — —Vyx = ——2z+6,uvxt
€ €

(ulg)+L(v-7v)?+ 2

o 1
FE(”? V,Z|U, VaZ)X < -

- Eth(z - 2)

[m]

=

pE: (z—2)* + o(uld)
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