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Motivation of the equations
Linear waves |

@ The evolution of an idealized string : assumption that force is
modeled by F = kuy, with u = u(t, x) the position of piece
of string. By Newton's laws, this implies

_ 2
Uit = C Uxx
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Motivation of the equations
Linear waves |

@ The evolution of an idealized string : assumption that force is
modeled by F = kuy, with u = u(t, x) the position of piece
of string. By Newton's laws, this implies

_ 2
Uit = C Uxx

o Maxwell's equations imply that in vacuo, the electric and
magnetic fields obey the same type of equations. Hence
universal significance of the linear wave equation.
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Motivation of the equations
Linear waves |

@ The evolution of an idealized string : assumption that force is
modeled by F = kuy, with u = u(t, x) the position of piece
of string. By Newton's laws, this implies

_ 2
Uit = C Uxx

o Maxwell's equations imply that in vacuo, the electric and
magnetic fields obey the same type of equations. Hence
universal significance of the linear wave equation.

@ Wave equation first studied by d’Alembert, who explicitly
solves initial value problem in 1 — d :

If Ou = —02u+ c?0%2u =0 and u(0,-) = f, u;(0,-) = g, then

x+ct
u(t,x) = %(f(x —ct)+ f(x +ct)) + % /_Ct g(y)dy
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Motivation of the equations
Linear waves Il

@ Implication : the solution decouples into two parts propagating
left and right, respectively, but each maintaining its shape.
The amplitude does not decay toward zero as t — +00.
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Motivation of the equations
Linear waves Il

@ Implication : the solution decouples into two parts propagating
left and right, respectively, but each maintaining its shape.
The amplitude does not decay toward zero as t — +00.

@ In higher dimensions, n > 2, the solutions of
Ou = —ug + Au =0 (from now on ¢ = 1) do decay for
sufficiently nice data. Comes from dispersion, i. e. the fact
that the solution decouples into traveling waves moving in
infinitely many different directions.

n—1

lu(t, e St 2, (t,x) € R™
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Motivation of the equations
Linear waves Il

@ Implication : the solution decouples into two parts propagating
left and right, respectively, but each maintaining its shape.
The amplitude does not decay toward zero as t — +00.

@ In higher dimensions, n > 2, the solutions of
Ou = —ug + Au =0 (from now on ¢ = 1) do decay for
sufficiently nice data. Comes from dispersion, i. e. the fact
that the solution decouples into traveling waves moving in
infinitely many different directions.

_n-1
Ju(t, = St2, (t,x) € R™

@ This is of utmost importance for the nonlinear waves we'll
consider soon. The soliton phenomena there are a result of a
delicate balancing between dispersion and the nonlinear
effects.
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Motivation of the equations
Nonlinear waves

@ Abstract approach : free wave equation is a simple Lagrangian
field theory :

£(u, Veu) :/ (=2 + |Vu]?) dxt (1)
Rnt+1
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Motivation of the equations
Nonlinear waves

@ Abstract approach : free wave equation is a simple Lagrangian
field theory :

£(u, Veu) :/ (=2 + |Vu]?) dxt (1)
Rnt+1

@ Critical "points’ u for this functional are characterized by
Euler-Lagrange equations, which in this case are given exactly
by

d
d—E(u+ €d,.. Ym0 =0,— Ou=—%u+Au=0
€
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Motivation of the equations
Nonlinear waves

@ Abstract approach : free wave equation is a simple Lagrangian
field theory :

£(u, Veu) :/ (=2 + |Vu]?) dxt (1)
Rnt+1

@ Critical "points’ u for this functional are characterized by
Euler-Lagrange equations, which in this case are given exactly
by

d
d—E(u+ €d,.. Ym0 =0,— Ou=—%u+Au=0
€

o Natural generalizations of (1) lead to important nonlinear
wave equations :
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Motivation of the equations

Wave Maps

@ First, one can replace the scalar-valued function u by one
which takes values in a Riemannian manifold. Then formally,
the Lagrangian stays the same :

ﬁ(u,vt,xu)_/ w1V dde (@)
RI‘I

Here one views the target manifold M as Riemannian
submanifold of some RV.
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Motivation of the equations
Wave Maps

@ First, one can replace the scalar-valued function u by one
which takes values in a Riemannian manifold. Then formally,
the Lagrangian stays the same :

ﬁ(u,vt,xu)_/ (“|ue2 + [VeuP) dxdt  (2)

Rn+1

Here one views the target manifold M as Riemannian
submanifold of some RV.

@ The resulting Euler-Lagrange equations are now nonlinear,
and their solutions are 'Wave Maps' :

Ou + M (1) 0t/ 0%k =0

For M = Sk, get Ou = u(—|ue|® + |Vxul?).
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Motivation of the equations

Another example : NLW

@ Another way to change L is to add extra terms, for example a
polynomial term :

L= (—u? + |Vxul® + Au|P™) dxdt, p > 1

Rnt+1
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Motivation of the equations

Another example : NLW

@ Another way to change L is to add extra terms, for example a
polynomial term :

L= (—u? + |Vxul® + Au|P™) dxdt, p > 1

Rnt+1

@ The corresponding EL-eqns. are given by

Ou=—up+Au= )\]u]p_lu
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Motivation of the equations

Another example : NLW

@ Another way to change L is to add extra terms, for example a
polynomial term :

L= (—u? + |Vxul® + Au|P™) dxdt, p > 1

Rnt+1

@ The corresponding EL-eqns. are given by

Ou=—up+Au= )\]u]p_lu

@ By scaling, one may reduce to A = %1, corresponding to the
defocussing (A = +1) as well as the focussing (A = —1)
cases. These display radically different behavior. Although it is
not apparent at first, there is a somewhat similar classification
into foc./defoc. for Wave Maps, depending on target.
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Motivation of the equations
Basic questions for the nonlinear problems

@ Local well-posedness. This is by now very well-understood
both for WM and NLW in all dimensions. Optimal Sobolev
spaces H® known.
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Motivation of the equations
Basic questions for the nonlinear problems

@ Local well-posedness. This is by now very well-understood
both for WM and NLW in all dimensions. Optimal Sobolev
spaces H® known.

@ Global existence. This is much more difficult, and depends on
whether one is in the sub-critical, critical or super-critical
range (to be discussed) as well as the focussing/defocussing
character of the problem. Of course, there is also distinction
between small/large data.
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Basic questions for the nonlinear problems

@ Local well-posedness. This is by now very well-understood
both for WM and NLW in all dimensions. Optimal Sobolev
spaces H® known.

@ Global existence. This is much more difficult, and depends on
whether one is in the sub-critical, critical or super-critical
range (to be discussed) as well as the focussing/defocussing
character of the problem. Of course, there is also distinction
between small/large data.

@ Blow up dynamics. If the solution breaks down in finite time,
give description of the singularity formation. We'll see that in
some cases soliton like solutions play an important role here.
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Motivation of the equations
Basic questions for the nonlinear problems

@ Local well-posedness. This is by now very well-understood
both for WM and NLW in all dimensions. Optimal Sobolev
spaces H® known.

@ Global existence. This is much more difficult, and depends on
whether one is in the sub-critical, critical or super-critical
range (to be discussed) as well as the focussing/defocussing
character of the problem. Of course, there is also distinction
between small/large data.

@ Blow up dynamics. If the solution breaks down in finite time,
give description of the singularity formation. We'll see that in
some cases soliton like solutions play an important role here.

@ Behavior at Infinity/Scattering. If a solution exists for all
t > 0, describe the behavior at t = 4-00. Does solution
approach a free wave (in suitable sense) 7
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Motivation of the equations

The criticality distinction |

@ Due to their underlying Lagrangian, both (WM) as well as
(NLW) have Hamiltonians giving a preserved energy :

1
50w+ [9ul?) o (wa),
Rn

1 A
[ Gl 190?) 2l e (ML),
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Motivation of the equations

The criticality distinction |

@ Due to their underlying Lagrangian, both (WM) as well as
(NLW) have Hamiltonians giving a preserved energy :

/ §(|ut|2+|vxu\2)dx(vv/w),
Rn
/ [5 (el + [F) + = [ulPH] e (ML),

@ Both model equations also have a natural underlying scaling :

u(t, x) = u(At, Ax) (WM), u(t, x) — Ar-Tu(At, Ax) (NLW)
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Motivation of the equations

The criticality distinction |

@ Due to their underlying Lagrangian, both (WM) as well as
(NLW) have Hamiltonians giving a preserved energy :

/ §(|ut|2+|vxu\2)dx(vv/w),
Rn
/ [ e + [90P) + 2P die (NLW),

@ Both model equations also have a natural underlying scaling :

u(t, x) = u(At, Ax) (WM), u(t, x) — Ar-Tu(At, Ax) (NLW)

o If energy left invariant under scaling, model is energy critical.
(WM):n=2, (NLW) : p=2£2 e g. p =5 for n=3.
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Motivation of the equations

The criticality distinction |l

@ The remaining situations are either sub-critical or
super-critical (with respect to energy) :
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Motivation of the equations

The criticality distinction |l

@ The remaining situations are either sub-critical or
super-critical (with respect to energy) :

e For (WM), the case n =1 is sub-critical, while n > 3 is
super-critical.
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Motivation of the equations

The criticality distinction |l

@ The remaining situations are either sub-critical or
super-critical (with respect to energy) :

e For (WM), the case n =1 is sub-critical, while n > 3 is
super-critical.

o For (NLW), the case p < 22 is sub-critical, while p > 23 is
super-critical.
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Motivation of the equations

The criticality distinction |l

@ The remaining situations are either sub-critical or
super-critical (with respect to energy) :
e For (WM), the case n =1 is sub-critical, while n > 3 is

super-critical.

n+2 is

o For (NLW), the case p < 22 is sub-critical, while p >
super-critical.

@ Basis philosophy : the sub-critical case is easier for local and
global existence questions as well as for classification of blow
ups. It is harder for questions relating to the behavior at
infinity, such as scattering. The supercritical case is harder for
global existence and blow up classification. The critical case is
borderline.
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Motivation of the equations

The criticality distinction |l

@ The remaining situations are either sub-critical or
super-critical (with respect to energy) :

e For (WM), the case n =1 is sub-critical, while n > 3 is
super-critical.

n+2 is

o For (NLW), the case p < 22 is sub-critical, while p >
super-critical.

@ Basis philosophy : the sub-critical case is easier for local and
global existence questions as well as for classification of blow
ups. It is harder for questions relating to the behavior at
infinity, such as scattering. The supercritical case is harder for
global existence and blow up classification. The critical case is
borderline.

o Large data supercritical problems up to now untouched,
except perturbatively or explicit blow up solutions.
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Motivation of the equations

Case in point : quick review of Wave Maps

@ Subcritical case n =1 : global well-posedness for arbitrary
(nice enough) targets (Gu '80).
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Motivation of the equations

Case in point : quick review of Wave Maps

@ Subcritical case n =1 : global well-posedness for arbitrary
(nice enough) targets (Gu '80).

@ Critical case was resolved recently in 'defocussing case’
(Sterbenz-Tataru('09), K.-Schlag('09), Tao('09)). In the
focussing case, blow up solutions constructed by
K.-Schlag-Tataru('06) as well as Rodniansky-Sterbenz ('06)
(both with target S?). Method of K.-Schlag-Tataru('06) has
been generalized to wider variety of targets by C. Carstea('09)
as well as curved background by S. Shashahani ('12).

Result of Rodniansky-Sterbenz much improved by
Raphael-Rodnianski '10.
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Motivation of the equations

Case in point : quick review of Wave Maps

@ Subcritical case n =1 : global well-posedness for arbitrary
(nice enough) targets (Gu '80).

@ Critical case was resolved recently in 'defocussing case’
(Sterbenz-Tataru('09), K.-Schlag('09), Tao('09)). In the
focussing case, blow up solutions constructed by
K.-Schlag-Tataru('06) as well as Rodniansky-Sterbenz ('06)
(both with target S?). Method of K.-Schlag-Tataru('06) has
been generalized to wider variety of targets by C. Carstea('09)
as well as curved background by S. Shashahani ('12).

Result of Rodniansky-Sterbenz much improved by
Raphael-Rodnianski '10.

@ In the supercritical case n > 3, self-similar singular solutions
of the form u(t, x) = v(%) have been known since work by
Shatah in 1988 for suitable targets, such as S3. These have
recently been shown to be stable under suitable small
perturbations by R. Donninger ('11).
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Motivation of the equations

Case in point : the NLW for n =3

@ The range p < 5 is sub-critical, p > 5 is super-critical.
Distinguish between defocussing/focussing
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Motivation of the equations

Case in point : the NLW for n =3

@ The range p < 5 is sub-critical, p > 5 is super-critical.
Distinguish between defocussing/focussing

o Defocussing : —uy + Au = |ulP~1u. Global existence for
p <5 (Joergens 1960's), global existence also for p =5
(Struwe, Grillakis early 1990s after ealier work on small data
by J. Rauch in the 80's), completely unknown for p > 5.
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Case in point : the NLW for n =3

@ The range p < 5 is sub-critical, p > 5 is super-critical.
Distinguish between defocussing/focussing

o Defocussing : —uy + Au = |ulP~1u. Global existence for
p <5 (Joergens 1960's), global existence also for p =5
(Struwe, Grillakis early 1990s after ealier work on small data
by J. Rauch in the 80's), completely unknown for p > 5.

e Focussing : —us + Au = —|u[P~1u. Here one has finite-time
blow-up solutions for any p > 1, by using simple ODE-type
solutions :

C
u(t,x) = ————
(T —t)r1

These have been shown for p < 3 (in the sub-critical range)
to give the general blow up rate (Merle-Zaag 2003).

Threshold phenomena for critical wave equations. preprint 2011
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Case in point : the NLW for n =3

@ The range p < 5 is sub-critical, p > 5 is super-critical.
Distinguish between defocussing/focussing

o Defocussing : —uy + Au = |ulP~1u. Global existence for
p <5 (Joergens 1960's), global existence also for p =5
(Struwe, Grillakis early 1990s after ealier work on small data
by J. Rauch in the 80's), completely unknown for p > 5.

e Focussing : —us + Au = —|u[P~1u. Here one has finite-time
blow-up solutions for any p > 1, by using simple ODE-type
solutions :

C
u(t,x) = ————
(T —t)r1

These have been shown for p < 3 (in the sub-critical range)
to give the general blow up rate (Merle-Zaag 2003).

@ Conjectured to be true for all p < 5.
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Motivation of the equations

NLW for n = 3, critical focussing case

@ The super-critical case p > 5 appears out of reach of current
understanding/technology. This brings us to the borderline
case p = b.
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Motivation of the equations

NLW for n = 3, critical focussing case

@ The super-critical case p > 5 appears out of reach of current
understanding/technology. This brings us to the borderline
case p = b.

e Key new feature in critical focussing case : existence of
static solutions (balancing of dispersion/nonlinear growth).

W(x) = s WAl) = A2 W(\x)

W(x) is called the ground state.
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Motivation of the equations

NLW for n = 3, critical focussing case

@ The super-critical case p > 5 appears out of reach of current
understanding/technology. This brings us to the borderline
case p = b.

e Key new feature in critical focussing case : existence of
static solutions (balancing of dispersion/nonlinear growth).

W(x) = — s Walx) = A2 W(\x)

W(x) is called the ground state.

@ The ground states play a pivotal role in the global dynamics
of the solutions for the critical focussing NLW.
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Motivation of the equations

The role of static solutions for critical NLW, n = 3.

@ A celebrated result of Kenig-Merle(2006) states that solutions
u with E(u) < E(W) are governed by simple dichotomy :
(i) - I [Vxu(x,0)[[2 < [[VxW/|| 12, then solutions exist
globally and scatter like free waves at infinity.
(ii) [[Vxu(x,0)[[2 > [VxW]|2, then finite time blow-up both
for t >< 0.
The blow up is most likely of the ODE type, but this is not
proved vyet.
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Motivation of the equations

The role of static solutions for critical NLW, n = 3.

@ A celebrated result of Kenig-Merle(2006) states that solutions
u with E(u) < E(W) are governed by simple dichotomy :
(i) - I [Vxu(x,0)[[2 < [[VxW/|| 12, then solutions exist
globally and scatter like free waves at infinity.
(ii) [[Vxu(x,0)[[2 > [VxW]|2, then finite time blow-up both
for t >< 0.
The blow up is most likely of the ODE type, but this is not
proved vyet.

@ Key question arises : what happens for solutions whose energy
is strictly above that of W.
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Motivation of the equations

The role of static solutions for critical NLW, n = 3.

@ A celebrated result of Kenig-Merle(2006) states that solutions
u with E(u) < E(W) are governed by simple dichotomy :
(i) - I [Vxu(x,0)[[2 < [[VxW/|| 12, then solutions exist
globally and scatter like free waves at infinity.
(ii) [[Vxu(x,0)[[2 > [VxW]|2, then finite time blow-up both
for t >< 0.
The blow up is most likely of the ODE type, but this is not
proved vyet.

@ Key question arises : what happens for solutions whose energy
is strictly above that of W.

@ Recent work has demonstrated the existence of a number of
new types of dynamics with energies arbitrarily close to but
strictly above that of W. From now on all solutions radial.
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Motivation of the equations

Dynamics with E(u) > E(W) I.

@ Can one construct globally existing solutions with energy
above that of W7
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Motivation of the equations

Dynamics with E(u) > E(W) I.

@ Can one construct globally existing solutions with energy
above that of W7

Theorem

(K.-Schlag '04) There exists a co-dimension 1 manifold (’stable
manifold’) of initial data passing through (W,0) within a small
neighborhood of W (with respect to sufficiently strong topology)
resulting in solutions which decouple into dynamically rescaled W
and an error scattering to zero like free wave :

u(t,x) = Wy(x) + e(t, x), A(t) = Ao >0

Thus solution scatters to re-scaled ground state.
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Motivation of the equations

Dynamics with E(u) > E(W) I.

@ Can one construct globally existing solutions with energy
above that of W7

Theorem

(K.-Schlag '04) There exists a co-dimension 1 manifold (’stable
manifold’) of initial data passing through (W,0) within a small
neighborhood of W (with respect to sufficiently strong topology)
resulting in solutions which decouple into dynamically rescaled W
and an error scattering to zero like free wave :

u(t,x) = Wy(x) + e(t, x), A(t) = Ao >0

Thus solution scatters to re-scaled ground state.

@ Are other types of 'bubbling off’ dynamics possible, e. g. more
violent dynamics for A(t)?
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Motivation of the equations

Dynamics with E(u) > E(W) II.
@ Indeed, finite time bubbling-off blow up solutions are
possible.
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Motivation of the equations

Dynamics with E(u) > E(W) II.

@ Indeed, finite time bubbling-off blow up solutions are
possible.

Theorem

(K.-Schlag-Tataru '07) For each v > % there exists a finite time
blow up solution of the form

u(t, x) = Wiy (x) + e(t, x), A(t) = 7177

on some interval [ty, 0) for ty sufficiently small. Hence we have
continuum of blow-up rates! Energy may be arbitrarily close to
that of W.
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Motivation of the equations

Dynamics with E(u) > E(W) II.
@ Indeed, finite time bubbling-off blow up solutions are
possible.

Theorem

(K.-Schlag-Tataru '07) For each v > % there exists a finite time
blow up solution of the form

u(t, x) = Wiy (x) + e(t, x), A(t) = 7177

on some interval [ty, 0) for ty sufficiently small. Hence we have

continuum of blow-up rates! Energy may be arbitrarily close to
that of W.

o
@ These solutions are type Il, which means

limsup [[u(t,)||g < oo
t—0

Not the case for ODE-type blow up solutions.



Motivation of the equations

Dynamics with E(u) > E(W) III.

@ The continuum of blow up rates is related to the fact that
these solutions are not of C*-class, but indeed only of
H*~_class. The data experience a small 'kink’ across the
boundary of light cone (for high enough derivatives).
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Motivation of the equations

Dynamics with E(u) > E(W) III.

@ The continuum of blow up rates is related to the fact that
these solutions are not of C*-class, but indeed only of
H*~_class. The data experience a small 'kink’ across the
boundary of light cone (for high enough derivatives).

@ Current work in progress (Donninger-K.) establishes existence
of an infinite set of quantized blow up rates v = 2k + 1 and

sufficiently large) corresponding to type Il blow up solutions of
C*>-class.
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Motivation of the equations

Dynamics with E(u) > E(W) III.

@ The continuum of blow up rates is related to the fact that
these solutions are not of C*-class, but indeed only of
H*~_class. The data experience a small 'kink’ across the
boundary of light cone (for high enough derivatives).

@ Current work in progress (Donninger-K.) establishes existence
of an infinite set of quantized blow up rates v = 2k + 1 and
sufficiently large) corresponding to type Il blow up solutions of
C*>-class.

@ The previous examples may lead one to believe that all type Il
solutions either blow up in finite time of the form

u(t,x) = Wy)(x) +e(t, x), A(t)(T — t) = o0

or else exist globally (e. g. toward t = +00) and scatter
toward rescaled ground state or zero : strong soliton
resolution.
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Motivation of the equations

Dynamics with E(u) > E(W) IV.

@ This is not true, however :

Theorem

(Donninger-K. '11) For v sufficiently close to —1, there exist
solutions of the form

u(t, x) = Wiy (x) + e(t, x), A(t) = 7177

on [tg, 00) for ty sufficiently large. Thus one may have vanishing/
blow-up at infinity, again with continuum of rates!
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Motivation of the equations

Dynamics with E(u) > E(W) IV.

@ This is not true, however :

Theorem

(Donninger-K. '11) For v sufficiently close to —1, there exist
solutions of the form

u(t, x) = Wiy (x) + e(t, x), A(t) = 7177

on [tg, 00) for ty sufficiently large. Thus one may have vanishing/
blow-up at infinity, again with continuum of rates!

@ Expected that the above solutions are C* (not proved yet).
Hence no quantization of blow-up at infinity.
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Motivation of the equations

Dynamics with E(u) > E(W) IV.

@ This is not true, however :

Theorem

(Donninger-K. '11) For v sufficiently close to —1, there exist
solutions of the form

u(t, x) = Wiy (x) + e(t, x), A(t) = 7177

on [tg, 00) for ty sufficiently large. Thus one may have vanishing/
blow-up at infinity, again with continuum of rates!

@ Expected that the above solutions are C* (not proved yet).
Hence no quantization of blow-up at infinity.

@ Recent work by Duyckaerts-Kenig-Merle shows : for type Il
solutions, either one has finite time bubbling-off blow-up or
else they decouple as

E i Wi, (1) (x) + €(t, x), Ai(t)t = o0



Motivation of the equations
Contrast to subcritical models

@ The blow up at infinity phenomenon is a threshold
phenomenon for critical problems which does not seem to
occur for subcritical situations. For example, a recent result of
Nakanishi-Schlag('10) for the subcritical nonlinear
Klein-Gordon equation

—Ug+Au—u=1

on R3*! shows that the strong resolution conjecture (i. e.
trichotmoy between finite time blow up, infinite time
scattering to zero or infinite time convergence to ground
state) is correct for solutions of energy sufficiently close to the
ground state.
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Motivation of the equations
Contrast to subcritical models

@ The blow up at infinity phenomenon is a threshold
phenomenon for critical problems which does not seem to
occur for subcritical situations. For example, a recent result of
Nakanishi-Schlag('10) for the subcritical nonlinear
Klein-Gordon equation

—ug + Au—u=1?

on R3*! shows that the strong resolution conjecture (i. e.
trichotmoy between finite time blow up, infinite time
scattering to zero or infinite time convergence to ground
state) is correct for solutions of energy sufficiently close to the
ground state.

@ The same seems true for the analogous Schrodinger equation

iy + Au = —|u]®u

on R3*! according to suggestive work by T. Tao ('04).
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Motivation of the equations

Dynamics with E(u) > E(W) V.

o Key question : how stable are these type Il solutions ? What
role do they play for the general dynamics?
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Motivation of the equations

Dynamics with E(u) > E(W) V.

@ Key question : how stable are these type Il solutions? What
role do they play for the general dynamics?

e Expectation is that they are unstable (in energy topology).
Computer simulations show either finite time ODE-blow up or
scattering toward zero.
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Motivation of the equations

Dynamics with E(u) > E(W) V.

@ Key question : how stable are these type Il solutions? What
role do they play for the general dynamics?

e Expectation is that they are unstable (in energy topology).
Computer simulations show either finite time ODE-blow up or
scattering toward zero.

@ Intuition behind this : data which are not in the co-dimension
one manifold constructed by K.-Schlag in '04 will leave a
'small tube’ around the one-parameter family { W)} >0 of
ground states. This is due to one negative unstable eigen
mode in the linearization around W.
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Motivation of the equations

Dynamics with E(u) > E(W) V.

@ Key question : how stable are these type Il solutions? What
role do they play for the general dynamics?

e Expectation is that they are unstable (in energy topology).
Computer simulations show either finite time ODE-blow up or
scattering toward zero.

@ Intuition behind this : data which are not in the co-dimension
one manifold constructed by K.-Schlag in '04 will leave a
'small tube’ around the one-parameter family { W)} >0 of
ground states. This is due to one negative unstable eigen
mode in the linearization around W.

@ A recent ('10) result by K.-Nakanishi-Schlag shows that upon
leaving this "tube’, the solution either blows up in finite time
(certainly an ODE-type blow up) or else scatters to zero like a
free wave.
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Motivation of the equations

Dynamics with E(u) > E(W) VL.

@ One may wonder how the exotic type Il blow up solutions
(finite time and at t = £00) fit into this framework. The key
is that they are far away from the 'tube of re-scaled ground
states’ with respect to the topology in which one can
construct the stable manifold which divides scattering from
ODE-like blow up (conjecturally at this time).
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Motivation of the equations

Dynamics with E(u) > E(W) VL.

@ One may wonder how the exotic type Il blow up solutions
(finite time and at t = £00) fit into this framework. The key
is that they are far away from the 'tube of re-scaled ground
states’ with respect to the topology in which one can
construct the stable manifold which divides scattering from
ODE-like blow up (conjecturally at this time).

@ This raises the question whether there is some co-dimension
one set within a small neighborhood in the energy topology
around (W, 0) which comprises the data of all type Il
dynamics, and divides the data space into those resulting in
finite time ODE blow up and those scattering to zero, as in
the following picture :
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Motivation of the equations

Conjectural general threshold dynamics

ODE Blow-up

I, Scattering toward W_a
Vanishing/Blow—up and

possibly other dynamics at
t = Hinfty

Finite time Bubbling off blow—up
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Motivation of the equations
Beyond the model case : critical Wave Maps |.

@ It is natural to enquire to what extent the preceding results
are an artifact of the equation Ou = —u® on R3TL.
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Motivation of the equations
Beyond the model case : critical Wave Maps |.

@ It is natural to enquire to what extent the preceding results
are an artifact of the equation Ou = —u® on R3TL.

o Consider for example the critical Wave Maps v : R>T1 — M.
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Motivation of the equations
Beyond the model case : critical Wave Maps |.

@ It is natural to enquire to what extent the preceding results
are an artifact of the equation Ou = —u® on R3TL.

o Consider for example the critical Wave Maps v : R>T1 — M.

@ There is a also a focussing/defocussing case, depending on
whether or not nontrivial finite energy static solutions exist.
These are of course nothing else but harmonic maps

Q:R> =M
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Motivation of the equations
Beyond the model case : critical Wave Maps |.

@ It is natural to enquire to what extent the preceding results
are an artifact of the equation Ou = —u® on R3TL.

o Consider for example the critical Wave Maps v : R>T1 — M.

@ There is a also a focussing/defocussing case, depending on
whether or not nontrivial finite energy static solutions exist.
These are of course nothing else but harmonic maps

Q:R> =M

o Basic examples : if M = S?(standard sphere), then
stereographic projection @ : RZ — S? is the ground state.
If M = H2?(hyperbolic plane), then no such static map exists.
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Motivation of the equations
Beyond the model case : critical Wave Maps |.

@ It is now known that in the defocussing case, no singularities
may form (Sterbenz-Tataru '09). Indeed, by work of
(K.-Schlag '09), for M = H?, critical Wave Maps exist
globally, satisfy Strichartz estimates, scatter like free waves,
and moreover admit profile decompositions in a suitable sense,
analogously to the defocussing critical Ju = v® in 3+ 1 —d.
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Motivation of the equations
Beyond the model case : critical Wave Maps |.

@ It is now known that in the defocussing case, no singularities
may form (Sterbenz-Tataru '09). Indeed, by work of
(K.-Schlag '09), for M = H?, critical Wave Maps exist
globally, satisfy Strichartz estimates, scatter like free waves,
and moreover admit profile decompositions in a suitable sense,
analogously to the defocussing critical Ju = v® in 3+ 1 —d.

@ This leads to the question as to what happens in focussing
case. To simplify the discussion, one reduces to symmetric
targets M admitting a SO(2)-action. One can then talk about
equivariant Wave Maps.
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Motivation of the equations
Beyond the model case : critical Wave Maps |.

@ It is now known that in the defocussing case, no singularities
may form (Sterbenz-Tataru '09). Indeed, by work of
(K.-Schlag '09), for M = H?, critical Wave Maps exist
globally, satisfy Strichartz estimates, scatter like free waves,
and moreover admit profile decompositions in a suitable sense,
analogously to the defocussing critical Ju = v® in 3+ 1 —d.

@ This leads to the question as to what happens in focussing
case. To simplify the discussion, one reduces to symmetric
targets M admitting a SO(2)-action. One can then talk about
equivariant Wave Maps.

@ For example, when M = 52, so-called co-rotational Wave
Maps lead to the scalar equation

u sin(2u
_Utt+urr+rr:2(r2)

Static soln. (ster. proj.) : Q(r) = 2arctanr.
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Motivation of the equations
Beyond the model case : critical Wave Maps |II.

@ Can we produce some of the same strange dynamics as for the
critical NLW 7
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Motivation of the equations
Beyond the model case : critical Wave Maps |II.

@ Can we produce some of the same strange dynamics as for the
critical NLW 7

(K.-Schlag-Tataru '06) For each v > % there exists a blow up
solution of the form

u(t,x) = Qyp)(x) +e(t, x), A(t) = g—1-v

Energy may be chosen arbitrarily close to that of ground state.

Threshold phenomena for critical wave equations. preprint 2011



Motivation of the equations
Beyond the model case : critical Wave Maps |II.

@ Can we produce some of the same strange dynamics as for the
critical NLW 7

(K.-Schlag-Tataru '06) For each v > % there exists a blow up
solution of the form

u(t,x) = Qyp)(x) +e(t, x), A(t) = g—1-v

Energy may be chosen arbitrarily close to that of ground state.

°

@ For solutions with energy strictly below that of @, one has
global existence and scattering (Struwe, Cote-Kenig-Merle,
Sterbenz-Tataru).
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Motivation of the equations
Beyond the model case : critical Wave Maps |II.

@ Can we produce some of the same strange dynamics as for the
critical NLW 7

(K.-Schlag-Tataru '06) For each v > % there exists a blow up
solution of the form

u(t,x) = Qyp)(x) +e(t, x), A(t) = g—1-v

Energy may be chosen arbitrarily close to that of ground state.

°

@ For solutions with energy strictly below that of @, one has
global existence and scattering (Struwe, Cote-Kenig-Merle,
Sterbenz-Tataru).

@ Not clear that there is an analogue of the stable manifold of
(K.-Schlag '04) since no negative eigenvalue in spectrum of
linearization.
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Motivation of the equations
Beyond the model case : critical Wave Maps |II.

@ However, as for critical NLW, it is expected that there is a
quantized set of blow up rates corresponding to smooth data,
in this case of the form v € N up to logarithmic corrections.
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Motivation of the equations
Beyond the model case : critical Wave Maps |II.

@ However, as for critical NLW, it is expected that there is a
quantized set of blow up rates corresponding to smooth data,
in this case of the form v € N up to logarithmic corrections.

@ We note that unlike for the critical NLW, there are no
ODE-type blow up solutions for critical Wave Maps, and so
there are probably stable type Il solutions even under
non-equivariant perturbations. This is poorly understood at
this time.
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Motivation of the equations

Beyond the model case : still more general critical

problems.

@ It turns out that some of our observations for critical waves
appear in a more general context, such as nonlinear
Schrodinger type equations.
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Motivation of the equations

Beyond the model case : still more general critical

problems.

@ It turns out that some of our observations for critical waves
appear in a more general context, such as nonlinear
Schrodinger type equations.

o Critical Schrodinger Maps : v : R>TY — S?2 u, = u x Au. It
was announced by Ga. Perelman that there is a continuum of
blow up rates (via bubbling off).
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Motivation of the equations

Beyond the model case : still more general critical

problems.

@ It turns out that some of our observations for critical waves
appear in a more general context, such as nonlinear
Schrodinger type equations.

o Critical Schrodinger Maps : v : R>TY — S?2 u, = u x Au. It
was announced by Ga. Perelman that there is a continuum of
blow up rates (via bubbling off).

e Critical focussing NLS : iu; + Au = —|u|*u. Again Ga.
Perelman has announced a continuum of blow up rates (via
bubbling off) at t = 4+00. Also, it is expected that here is a
continuum of blow up rates for finite time blow up. The
existence of a stable manifold as for the critical NLW remains
to be seen.
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Motivation of the equations

Beyond the model case : still more general critical

problems.

@ It turns out that some of our observations for critical waves
appear in a more general context, such as nonlinear
Schrodinger type equations.

o Critical Schrodinger Maps : v : R>TY — S?2 u, = u x Au. It
was announced by Ga. Perelman that there is a continuum of
blow up rates (via bubbling off).

e Critical focussing NLS : iu; + Au = —|u|*u. Again Ga.
Perelman has announced a continuum of blow up rates (via
bubbling off) at t = 4+00. Also, it is expected that here is a
continuum of blow up rates for finite time blow up. The
existence of a stable manifold as for the critical NLW remains
to be seen.

@ It emerges that some of the phenomena revealed for specific
examples have more universal character...
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Motivation of the equations
The method for producing type Il solutions

@ Back to Ou = —u®, our method is inspired by the blow-up
constructions of K.-Schlag-Tataru. We recall here the basic
setup. Here we explain how to construct blow up/vanishing at

infinity (Donninger-K. '11)
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Motivation of the equations
The method for producing type Il solutions

@ Back to Ou = —u®, our method is inspired by the blow-up
constructions of K.-Schlag-Tataru. We recall here the basic
setup. Here we explain how to construct blow up/vanishing at
infinity (Donninger-K. '11)

o Simple attempt u(t,-) = Wy)(x) + error, A(t) = t—(1-v)
leads to principal error term

‘
eo ~ 3 (x- V)Wy)(x)

which is of order of magnitude t~2.
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Motivation of the equations
The method for producing type Il solutions

@ Back to Ou = —u®, our method is inspired by the blow-up
constructions of K.-Schlag-Tataru. We recall here the basic
setup. Here we explain how to construct blow up/vanishing at
infinity (Donninger-K. '11)

o Simple attempt u(t,-) = Wy)(x) + error, A(t) = t—(1-v)
leads to principal error term

‘
eo ~ 3 (x- V)Wy)(x)

which is of order of magnitude t~2.
@ Linearization around W of the form

L=-A—5W*

N

: x -
admits a zero energy resonance ¢ = ﬁ r=|x|.
K
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Motivation of the equations
The method for producing type Il solutions

@ Back to Ou = —u®, our method is inspired by the blow-up
constructions of K.-Schlag-Tataru. We recall here the basic
setup. Here we explain how to construct blow up/vanishing at
infinity (Donninger-K. '11)

o Simple attempt u(t,-) = Wy)(x) + error, A(t) = t—(1-v)
leads to principal error term

‘
eo ~ 3 (x- V)Wy)(x)

which is of order of magnitude t~2.
@ Linearization around W of the form

L=-A—5W*

N

1-1=

admits a zero energy resonance ¢ := —— =, r = |x|.

(1+5)2
e This causes wave parametrix for 92 + £ to lead to t? growth :
can't iterate!
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Motivation of the equations

The construction ; approximate solutions 1

@ Instead, as for blow up solutions in (K.-Sch.-T.), we first
attempt to construct an approximate solution by adding
"elliptic profile modifiers’ :

Uapprox = W,\(t)(r) + v1(r, t') + ...+ ng(r, t)

The odd index v, improve accuracy near r = 0, while the even
index v; improve it near characteristics (in blow up in-coming,
here out-going).
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Motivation of the equations

The construction ; approximate solutions 1

@ Instead, as for blow up solutions in (K.-Sch.-T.), we first
attempt to construct an approximate solution by adding
"elliptic profile modifiers’ :

Uapprox = W,\(t)(r) + v1(r, t') + ...+ ng(r, t)

The odd index v, improve accuracy near r = 0, while the even
index v; improve it near characteristics (in blow up in-coming,
here out-going).

@ To construct the correction terms v;, introduce the auxiliary
coordinates

t 1 1
R:)\(t)r,T:/ A(s)ds + ~t§ = Z¢¥
to v

14
At) = =)t e [t 0)
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Motivation of the equations

The construction ; approximate solutions 2

@ To contrast this with the blow up solutions of (K.-S.-T.),
there we had

to
R=A(t)r, 7 = / As) ds, A(8) = £ (1),
t

so from an algebraic view point, we have changed v to —v.
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Motivation of the equations

The construction ; approximate solutions 2

@ To contrast this with the blow up solutions of (K.-S.-T.),
there we had

to
R=A(t)r, 7 = / As) ds, A(8) = £ (1),
t

so from an algebraic view point, we have changed v to —v.

@ For the sequel, we already note that while one can achieve
arbitrary levels of accuracy for approximate blow up solutions
by constructing sufficiently many of the v;-corrections, this is
not the case in our situation : we shall stop after the k = 2
stage, as later stages don’t seem to help anymore.
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Motivation of the equations

The construction ; approximate solutions 2

@ To contrast this with the blow up solutions of (K.-S.-T.),
there we had

to
R=A(t)r, 7 = / As) ds, A(8) = £ (1),
t

so from an algebraic view point, we have changed v to —v.

@ For the sequel, we already note that while one can achieve
arbitrary levels of accuracy for approximate blow up solutions
by constructing sufficiently many of the v;-corrections, this is
not the case in our situation : we shall stop after the k = 2
stage, as later stages don’t seem to help anymore.

@ To see this, we mimic here the procedure of (K.-S.-T.),
encountering more singular expressions.
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Motivation of the equations

The construction ; approximate solutions 3

@ Denote by e; the error after the i-th correction, i. e.

i
e, = Uu; — u?, up = WA(t)(X) + Z Vi
k=1
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Motivation of the equations

The construction ; approximate solutions 3

@ Denote by e; the error after the i-th correction, i. e.

i
e, = Uu; — u?, up = WA(t)(X) + Z Vi
k=1
@ For odd indices, we then inductively define
2
Lvo—1 =N 2exp_n, k>1,L=—0%— —0r —5W*

R

This corresponds to neglecting the effect of the time
derivative 92 near the origin R = 0.

Threshold phenomena for critical wave equations. preprint 2011



Motivation of the equations

The construction ; approximate solutions 3

@ Denote by e; the error after the i-th correction, i. e.

i
e, = Uu; — u?, up = WA(t)(X) + Z Vi
k=1

@ For odd indices, we then inductively define

Lvo—1 =N 2exp_n, k>1,L=—0%— %aR — 5w

This corresponds to neglecting the effect of the time
derivative 92 near the origin R = 0.
@ For even indices i = 2k, we replace the wave operator by

2
07 + 02 + ~0r
This gives equation
2
t2(—0F + 07 + ;ar)vzk = tPex_1
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Motivation of the equations

The construction ; approximate solutions 4

;. assuming

@ One then introduces a new coordinate a = x

Voy = (,\t)ﬂ Whi(a), one finds a singular ODE of the form

LoWok = F, Ly = (1= 2020 +2(a ' +ap—a)da—p> +p

for suitable constant p.
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Motivation of the equations

The construction ; approximate solutions 4

;. assuming

@ One then introduces a new coordinate a = x

Voy = (,\t)ﬂ Whi(a), one finds a singular ODE of the form

LoWok = F, Ly = (1= 2020 +2(a ' +ap—a)da—p> +p

for suitable constant p.

@ Need to give function spaces for the vy ; singularity at a =1
is key. Let 1 + By = 1*7” Define

1
Ve

(1-— a)(4k—3)(1+,80)—2(k—1)
(At)2(c—D) ai(a), -

Q= (1-a)""®a(a), ...,
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Motivation of the equations

The construction ; approximate solutions 4

@ One then introduces a new coordinate a = %; assuming

Voy = (,\t)ﬂ Whi(a), one finds a singular ODE of the form

LoWok = F, Ly = (1= 2020 +2(a ' +ap—a)da—p> +p
for suitable constant p.

@ Need to give function spaces for the vy ; singularity at a =1
is key. Let 1 + By = 1*7” Define

1 (1 — a)(#k=3)(1+00)—2(k—1)
Q= {(/\t)Q’ ()\t)z(k—l)

o Let Qy be the ideal inside Q consisting of linear combinations
of terms of the form with 2lo + >, A;(2[/ — 1]+ [;) > 2(k — 1)

(1—a)t*Pog(a), ..., ak(a), -

1 y (1 — a)4=3)(A+50)-2(-1)
(t\)2h =1 (At)20-D+2)
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Motivation of the equations

The construction ; approximate solutions 5

@ Then one can show that the behavior of vox_1, vox near a=1
is modeled by functions in Q.
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Motivation of the equations

The construction ; approximate solutions 5

@ Then one can show that the behavior of vox_1, vox near a=1
is modeled by functions in Q.
@ Conclusion : this process leads to functions at least as singular
1—v
as (1 —a)l™P = (1 —-a) 2z ata=1, but with weights
decaying in time. This function fails to be in H!!
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Motivation of the equations

The construction ; approximate solutions 5

@ Then one can show that the behavior of vox_1, vox near a=1
is modeled by functions in Q.

@ Conclusion : this process leads to functions at least as singular

1—v

as (1 —a)l™P = (1 —-a) 2z ata=1, but with weights
decaying in time. This function fails to be in H!!

@ This is not surprising since this phenomenon is exactly at the
root of the strictly slower than self-similar blow up solutions of
bubbling-off type in the critical case.
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Motivation of the equations

The construction ; approximate solutions 5

@ Then one can show that the behavior of vox_1, vox near a=1
is modeled by functions in Q.

@ Conclusion : this process leads to functions at least as singular

1—v

as (1 —a)l™P = (1 —-a) 2z ata=1, but with weights
decaying in time. This function fails to be in H!!

@ This is not surprising since this phenomenon is exactly at the
root of the strictly slower than self-similar blow up solutions of
bubbling-off type in the critical case.

@ One also observes that increasing k by two, one pays
(1 — a)~2" but gains (\t)72 = t~2.
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Motivation of the equations

The construction ; approximate solutions 5

@ Then one can show that the behavior of vox_1, vox near a=1
is modeled by functions in Q.

@ Conclusion : this process leads to functions at least as singular

1—v . .
as (1 —a)l™P = (1 —-a) 2z ata=1, but with weights
decaying in time. This function fails to be in H!!

@ This is not surprising since this phenomenon is exactly at the
root of the strictly slower than self-similar blow up solutions of
bubbling-off type in the critical case.

@ One also observes that increasing k by two, one pays
(1 — a)~2" but gains (\t)72 = t~2.

@ This suggests that in contrast to the blow up construction in
K. -S.-T. where iteration leads to arbitrarily accurate
approximate solution, here this process essentially stalls.
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Motivation of the equations

The construction ; getting approximate sol. in light cone

o Fortunately, for us it suffices to use only the first two
corrections vy, vo, where v», the correction near the cone, has
essentially the form

R3
(At)*

N[

Vo = A (1 — a)1+B°

This function is of course not in H!.
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Motivation of the equations

The construction ; getting approximate sol. in light cone

o Fortunately, for us it suffices to use only the first two
corrections vy, vo, where v», the correction near the cone, has
essentially the form

R3
(At)*

N[

Vo = A

(1 _ a)l—i-ﬁo

This function is of course not in H*.

@ To deal with this, we truncate it near the light cone : For
x(x) € C=°(R) with x(x) =1 for |x| > 1, x(x) =0 on
x| < 4, and xc(x) = x(%), we replace v, by

xXc(t—r)va

Note that this function does not have energy vanishing as

t — oo! This is expected as our solution needs to have energy
strictly above that of W by the results of
Duyckaerts-Kenig-Merle.
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Motivation of the equations

The construction ; getting approximate sol. in light cone

Profile of the cutoff chi

@ wefirst construct an exac

ution here.

@ Finally, we have the following theorem which gives an
approximate solution in the inner forward light cone, albeit
without arbitrary accuracy :
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Motivation of the equations

The construction ; getting approximate sol. in light cone

There exist corrections vy, vo» with the bounds

_1 _v
IVerville, (k) S 772, [[Verlxe(t = nwv]llz, S C2
rédr rédr

such that the functions u,pprox = W/\(t)(x) +vi+wisan
approximate solution with

1
-3
HR)\QHLI +||>\2||H2g¢dr(K) LT T,o € [0, Z],T>>1
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Motivation of the equations

The construction ; getting approximate sol. in light cone

There exist corrections vy, vo» with the bounds

_1 _v
IVerville, (k) S 772, [[Verlxe(t = nwv]llz, S C2
rédr rédr

such that the functions u,pprox = W/\(t)(x) +vi+wisan
approximate solution with

1
-3
HR)\QHLI +||>\2||H2g¢dr(K) LT T,o € [0, Z],T>>1

@ In particular, these approximate solutions have energy
arbitrarily close to that of W if we pick C sufficiently large.
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Motivation of the equations

The construction ; getting exact sol. in light cone

@ We now strive to construct an exact solution
u(t,x) = Uapprox(t, x) + €(t, x)

ontheconet—r > C.
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Motivation of the equations

The construction ; getting exact sol. in light cone

@ We now strive to construct an exact solution

u(t,x) = Uapprox(t, x) + €(t, x)

ontheconet—r > C.

@ Here we try to obtain € via a wave parametrix. It solves the
equation

e — Loe = BAX()WHA(1)r) = N(e) + e

Issue : operator Oy = O — 5A2(t) W4(\(t)r) is time
dependent.
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Motivation of the equations

The construction ; getting exact sol. in light cone

@ We now strive to construct an exact solution
u(t,x) = Uapprox(t, x) + €(t, x)

ontheconet—r > C.

@ Here we try to obtain € via a wave parametrix. It solves the
equation

e — Loe = BAX()WHA(1)r) = N(e) + e

Issue : operator Oy = O — 5A2(t) W4(\(t)r) is time
dependent.
o We deal with this by using 7 = 1t“, R = A(t)r, and

e(t,r) = v(r, R)
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Motivation of the equations

The construction ; distorted Fourier transform

@ Then v solves the following problem with a time-independent
Schrodinger operator :

(67+§fi’aR)zv%(aﬁr%"’&e)v—ﬂv—5 W = A72(7)[N(e) +e]
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Motivation of the equations

The construction ; distorted Fourier transform

@ Then v solves the following problem with a time-independent
Schrodinger operator :

0+ RORVv+5 (0,5 ROR)V—Lv—5 Wy = A2()IN(e)+es]

@ We solve this problem via the Fourier representation
associated with the operator

L= —0rr — 5W4(R)

This operator appears when replacing v(7, R) by
€ := Rv(1, R).
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Motivation of the equations

The construction ; distorted Fourier transform

@ Then v solves the following problem with a time-independent
Schrodinger operator :

0+ RORVv+5 (0,5 ROR)V—Lv—5 Wy = A2()IN(e)+es]

@ We solve this problem via the Fourier representation
associated with the operator

L= —0rr — 5W4(R)

This operator appears when replacing v(7, R) by
€ := Rv(1, R).

(K.-S.-T. '07) spec(L) = {4} U[0,00). 0 is a resonance, with
R(1- %)

resonant function ¢o(R) =

535 . Finally, the operator L is in
(1+5)2
limit-point case at infinity.
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Motivation of the equations

The construction ; translating to Fourier side

@ Standard theory for this type of operators then furnishes the
existence of a Fourier basis {¢(R, &)} U {¢4(R)} such that we
have the associated Fourier transform

Fif—f

defined via

b— o0

50/ / od(R)f de = Ilm/quf R)dR, £ >0

Fundamental fact : This is isometry from L2(R™) to
L?(R*, p), and we have

F(R) = F(a)oa(R) + fim [ o(R.OF(E)0(6) e
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Motivation of the equations

The construction ; translating to Fourier side

@ Standard theory for this type of operators then furnishes the
existence of a Fourier basis {¢(R, &)} U {¢4(R)} such that we
have the associated Fourier transform

Fif—f

defined via

b— o0

50/ / od(R)f de = Ilm/quf R)dR, £ >0

Fundamental fact : This is isometry from L2(R™) to
L?(R*, p), and we have

F(R) = F(a)oa(R) + fim [ o(R.OF(E)0(6) e

@ Precise asymptotics p(&) ~ §_%, ¢ k1, and
p(&) ~ 5%,5 — 00 extremely important for us.
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The construction ; translating to Fourier side
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Motivation of the equations

The construction ; translating to Fourier side

@ The Fourier basis ¢(R, &) admits expansions of the form
(K.-S.-T. '07)

o(R.€) = Go(RYHR S (RAEY (R, 1oy(u) < ) (1) 2

< 9
< S

In particular, they 'behave non-oscillatory’ in the region
1 . , . . 1
RE2 <1 and 'become oscillatory’ in the region RE2 > 1.
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Motivation of the equations

The construction ; translating to Fourier side

o Write
f(r:R) = xa(r)oalRI+ [ x(r. dolR ol dex= (0 ).

and introducing the operator

3n, A [0 0
Dr=0r=53 ~ A(O 260 +’5”(§))>
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Motivation of the equations

The construction ; translating to Fourier side

o Write
f(r:R) = xa(r)oalRI+ [ x(r. dolR ol dex= (0 ).

and introducing the operator

3A&r A 0 0
br=0r=3% "% (o 260, + £ )
@ We get the transport equation

)\’T AT Aq—
(-D? + D - §)x = 25 KngDrx + (7)2([icnd, Ka] + K24)x

A A
O-(Z5) — (E5)?) x —
+ (0-(50) = (57)%)x
Here b = F(A?[N(e) + e2]).



Motivation of the equations

The construction ; translating to Fourier side

@ Here the factors ATT ~(1—v)772, s0 for |[v — 1| < 1, one
gains extra smallness.
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Motivation of the equations

The construction ; translating to Fourier side

@ Here the factors ATT ~(1—v)772, s0 for |[v — 1| < 1, one
gains extra smallness.

@ The operators K4 are non-local linear operators of the form
0 K
,Cnd — dc
Kea Ko
where K is a "Hilbert-transformation like' operator given by

Kox(n) = { [ " x(©)RIRA(R. O)pl€) d€, B(R.m))
+ /0 " 260ex(€)B(R. €)p(€) I, $(R. )
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Motivation of the equations

The construction ; translating to Fourier side

@ Here the factors ATT ~(1—v)772, s0 for |[v — 1| < 1, one
gains extra smallness.

@ The operators K4 are non-local linear operators of the form
0 K
,Cnd — dc
Kea Ko
where K is a "Hilbert-transformation like' operator given by

Kox(n) = { [ " x(©)RIRA(R. O)pl€) d€, B(R.m))
+ /0 " 260ex(€)B(R. €)p(€) I, $(R. )

@ This means we expect to have good LP-type bounds for K.
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Motivation of the equations

The construction ; translating to Fourier side

@ We solve this problem via iteration in a suitable Banach
space. This space is defined via the norm
Sﬁ 1 2«
[[x(m, s == | " X7 )y + 12 (O (. Ol 3,

>2+

where M is sufficiently large depending on 2+. Precisely, we
have
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Motivation of the equations

The construction ; translating to Fourier side

@ We solve this problem via iteration in a suitable Banach
space. This space is defined via the norm
fﬁ 1 2«
[[x(m, s == | " X7 )y + 12 (O (. Ol 3,

>2+

where M is sufficiently large depending on 2+. Precisely, we
have

Theorem

The preceding fixed point problem admits a solution x(7,§)
satisfying

Ix(m Mls S 772, Ilxa()lls S 7%

for some small § > 0 (there is a playoff between the 2+ and the
d>0).
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