Split-explicit time integration methods in numerical weather
prediction

Oswald Knoth, Jorg Wensch

HYP 2012

Padova

Z@ ﬁgEAA““Mheric Model MetStram

LEIBNIZANSTITUT FUR
‘TROPOSPHARENFORSCHUNG



© Introduction
@ Motivation
@ Dry Euler equations
@ Linearized equations

© Splitting methods
@ Splitting

© Split explicit methods
@ Methods

© Generalized Runge-Kutta
@ Approach
@ Order conditions

© Numerische Tests
@ Test case of Klein
@ Nonhydrostatic Case of Blossey/Durran
o Gravity waves with WRF

© Conclusion



Introduction

© Introduction
@ Motivation
@ Dry Euler equations
@ Linearized equations



Introduction
o
Motivation

@ Motivation:

o Atmospheric models contain slow (advection) and fast (gravity and sound wave)
modes.

e Meteorologically important: Medium and low frequencies

o CFL-number of fast waves restricts time step

o Pure advection allows larger step sizes

CFLapvection/ CFLsounp < 1/10

o Apply multirate strategy
o slow processes are integrated by large time steps
o fast processes are integrated by small time steps where the slow (advective)
tendencies are fixed
@ The linearized, discretized, one-dimensional compressible Euler equations serve
as the model equation set for examining the stability of the integration schemes
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Dry Euler equations

@ Dry 2D Euler equations in conservative form:

9 _ _Opu _ Opw
ot Ox 0z
Opu _ Odpuu  Opwu  Ip

ot Ox 0z ox
Opw _ Opuw  Opww  Op
Bt ox oz 0z %
Opf  Opud  Opwb

ot Ix 0z

@ Prognostic variables are density p and the products of density with winds u, w
and potential temperature 0. Pressure p is a diagnostic variable from the

equation of state
Rpf\ ==
p= (712 )1 :
Po
R

with kK = o R gas constant for dry air, ¢, the heat capacity of dry air at

constant pressure and po the pressure at ground, g is the acceleration of gravity.



Introduction
o
Linearized equations

o Test equations for linear stability analysis

@ The approximate, quasi-Boussinesq linearized equations
Uy = —CspPx — Uu,
we = —csp; — Uwy — NO
9t = —Nw — ULIX
pr = —cs(ux + wz) — Upx
where ¢s >> U.

@ One dimensional acoustic advection system

Uy = —CspPx — Uuy

Pt = —CslUx — pr
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Splitting methods
o
Splitting

@ Time integration methods for

y="7(y)+ely) with y(0)=x
@ where f represents the energetically relevant slow mode (advection, Rossby
waves)
@ and g the fast mode (sound waves, gravity waves).

@ To integrate the fast system, the forward—backward or Stoermer-Verlet method
is used. For a symplectic structure

i = gu(p)
p = gp(u)

the FB scheme reads

n+1
u

u" + Atgu(p")
P = vt Argy(u)

@ FB is of second order and in connection with staggered central differences is

Stable or a Cl L—Condition
— < 1
S ZX — M
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Splitting, the linearized equation

@ The approximate, quasi-Boussinesq linearized equations

ur = —Cspx — Uuyx
we = —Csp; — Uwy — NO
0: = —Nw — Uuy
pr = —cs(ux + wz) — Upx

@ One dimensional acoustic advection system

Uy = —Cspx — Ut

pr = —csux — Upx
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Splitting, the nonlinear equation

@ Splitting in the dry 2D Euler equation:
dp _ Opu  Opw

ot~ Ox 0z
dpu Opuu  Odpwu  Op

ot Ox 0z Ox
Opw _ Opuw  Odpww  Op
Bt ox oz o0z "%
Opf _ Opud  Opwb
ot Ix 0z
°
y=F.y)
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Splitting, the nonlinear " linearizedéquation

@ Splitting in the dry " pressure linearized” 2D Euler equation:

9 _ _Opu _ Opw

ot~ Ox 0z
dpu Opuu  Opwu  Op Opb

ot Ox 0z 0pl Ox
Opw _ Opuw  Odpww  Ip Opb
ot ox o0z opp oz F
opf _ Opub  Opwb

ot ox oz



Splitting methods
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Linearized test equation for stability considerations

Discretize linear one-dimensional acoustic equation in space

@ Advection: Third order upwinding, Acoustic: Central differences
@ Apply Fourier decomposition
°

We obtain a 2 by 2 linear ODE for each Fourier component y = Ly + Ny
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Eigervalues of L
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Eigenvalues of N+L
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Split explicit methods, Wicker/Skamarock

@ Wicker and Skamarock (MWR 2002) used a three-stage Runge-Kutta
method as slow integrator:

A
W = i+ AL )

3

At
pnﬂ/3 =p"+ ?fp(Pn)
uTY2 %fu(unﬂm)

At
pn+1/2 _ pn + 7fp(Pn+1/3)

=" Atfu(u"+1/2)
pn+1 _ pn + Atf;)(pn+1/2)
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Split explicit methods, Wicker/Skamarock

@ Resulting splitting scheme:
u=u" p=p"
for k =1:ns/3
u=u+Argp) + Atfu(u")
p=p+ Argp(u) + Atfy(p")

end
un+1/3 =u, pn+1/3 =p, u= un’ p= pn
for k =1:ns/2
u=u+ Arg,(p) + Arf,(u"1/3)
p = p+ Atgy(u) + ATh(p"?)
end
uY2 =y, P2 = u=u" p=p"
for k =1: ns
u=u+ Arg,(p) + Arf,(u"/?)
p = p+ Argp(u) + Atfy(p"/?)
end
un+1 =u, pn+1 =p
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General Runge-Kutta Methods

o fori=1:s+1
y = yo, F::Zi—ff(yj), AT ::%
for k =1:cins
y:=y+Argly)+ ATF

end
Yi'=y
end
@ Underlying Runge—Kutta method:

0

C ao

Ci ail cee aji—1

Cs as1 dss—1

1 ‘ ast1l .- ast1s

o RK3 after L.J. Wicker and W.C. Skamarock: Time-Splitting Methods for

Elastic Models Using Forward Time Schemes, MWR, 2002.
0

1/3 | 1/3
/2| 0 1/2
|0 0 1




Split explicit methods
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General fast integrator

@ Assume that we can solve the fast part of

y="1f(y)+ely)

analytically

@ Then a split Runge—Kutta method reads:
Z:i(0) = yn

8 1 i—1
EZni(T) = ; aif (Yoi) + 8(Zni(7))

Yni = Zni(cih), Yn+1 = Yast1
@ For the nonlinear case
Zni(o) = Yn

8 1 i—1
EZni(T) = ;BUF(Ynj,Zni(T))

Yni = nf(Cih)7 Yn+1 = Yn,s+1
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General fast integrator

Application of a split-explicit Runge-Kutta method to the linear test
equation y = Ly + Ny yields stability matrix M € C2*2:

yn+l — Myn

M depends on:

e wave number k
o Number of small time steps ns
o CFL number for advection U%

o CFL number for sound cs%

Spectral radius of M as a function of the two CFL numbers by ns = 10 or
ns = inf.

Line has slope 1/4, below the line U < $ = 85m/s~ 340m/s.



General fast integrator

o Stability plot for RK3, exact fast integration:

Method: RK3 Spatial Order, 3 nu=10
248

05

@ Resulting CFL restrictions:

vt <17 o Ar<6ss
Ax

<A 231 L Ar<18s
Ax
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General fast integrator

@ To enlarge stability there are the following possibilities
o Introduce divergence damping, helps for some methods.
o Use other integration methods for the fast part.
o Look for other methods for the slow part.

dp __0pu _ dpw

ot Ox 0z
Opu Opuu  Opwu  Op oD

ot —  ox 0z ox  ox
opw _ Odpuw  Odpww  Op oD
ot = ox 0z o0z PEVV%s
9p0 _ Opul  dpwb
ot~ 0Ox oz
where the divergence D
opu  Opw
D=-—"—
Ox + 0z

@ The smoothing parameter v is choosen in the FB-method for the fast part

by
vAT

Ax?

a=0.025 =
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General fast integrator

o Stability plot for RK3, FB fast integration, divergence damping:

Method: RK3 Spatial Order: 3 nu = 0.025
T

258

0sf
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General fast integrator

o Comparison of stability plot for RK3

Method: RI3 Spatial Order 3 nu=0025

Spatial Order: 3 nu=0
25
2
15
1
05
0
o 1 2 3 4 5 & 7 8 9 |
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Generalized Runge-Kutta
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Approach

@ Wensch et al. generalized the splitting Runge-Kutta ansatz:
@ We generalise the exact integration procedure in two directions
o arbitrary starting points based on preceeding stages
i—1

Z,i(0) = yn + Zoéij(ynj — ¥n)
=

e increments in the constant term F based on preceeding stages

i—1 i—1
2 2ytr) = (3 S =)+ 55 (Vi)) + 6(Zur)
j=1 j=1

or o

@ Jorg Wensch, Oswald Knoth, Alexander Galant: Multirate infinitesimal step
methods for atmospheric flow simulation, BIT Numerical Mathematics, 2009,
Volume 49, Number 2, 449-473



Generalized Runge-Kutta
o

Order conditions

@ Expand numerical solution in a Taylor series.
Note: Z,; is a function of 7 and h.

o 3 different recursions for derivatives of Z,;

@ For order three four classical order conditions
b"1=1,b"c=1/2,b"c*=1/3,b" Ac=1/6

@ and five additional order conditions

@ No 3rd order method for « = v = 0 (classic splitting like RK3)
@ We search for 3 stage 2rd order method

@ And for a 4 stage 3rd order method

@ Search is done by solving a large nonlinear optimization problem
o Constraints are order conditions and stability constraints

o Optimization goal: Small number of fast steps

@ We found several methods



Generalized Runge-Kutta
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Runge-Kutta methods

@ Three stage second order method

@ Length of small time step intervals: 1.18
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Runge-Kutta methods

Four stage third order method
@ Length of small time step intervals: 1.43

0.136296478423D + 00 0.000000000000D + 00 0.000000000000D + 00 0.000000000000D + 00
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Runge-Kutta methods

Generalized Runge-Kutta

@ Three stage first order method, after Osher/Shu, TVD scheme
@ Implemented in COSMO

o Length of small time step intervals: 1.92

B =

a =
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Runge-Kutta methods

Generalized Runge-Kutta

@ Three stage second order method

@ Implemented in WRF and COSMO with divergence damping

o Length of small time step intervals: 1.83
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Runge-Kutta methods
@ Order plots overview
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Numerische Tests
o
Test case of Klein

@ Application of the schemes to either pure long wave initial data, or
multiscale initial data in a periodic domain x € [0, 1]

@ Relationship between pressure and momentum leads to a right running
acoustic simple wave

@ The pure long wave data is given by
p(X70) = pO(X_XO) and m(X7 0) :p(X7O)/C

where X
Po(x) = exp(—(;o)z)

and xp = 0.75 and oo = 0.1.

@ The multiscale initial data
p(x,0) = po(x — x0) + pr(x — 1) and m(x,0) = p(x,0)/c

and
Pr(x) = po(x) * cos(kx/a)
with x; = 0.25 and kK =7 - 2m.



Test case of Klein
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Numerische Tests
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@ One dimensional acoustic advection system, U =0, (f = 0)
Uy = —GCspx — Uu
pt = —Csux — Upx
Il N
oo
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Numerische Tests
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Nonhydrostatic Case of Blossey/Durran

o Implicit-Explicit Multistep Methods for Fast-Wave Slow-Wave Problems,
Dale R. Durran, Peter Blossey, Monthly Weather Review

@ Highly nonlinear problem, used to perform order tests (see above)

@ Implemented the discretization from the paper




Numerische Tests
Gravity waves with WRF

@ Implemented in WRFV3 (thanks to Alexander Smalla)

@ Switched on all divergence parameters, FB scheme in all three directions
o RKN4E1

=
3
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Numerische Tests
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Gravity waves with WRF

o RK3 without divergence damping is unstable

=
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Conclusion

Improved RUNGE-KUTTA like schemes are presented which have larger
stability regions than RK3 in the absence of divergence damping

Proposed idea can be applied in recursive way for including even faster
processes like microphysics

Order conditions are derived for third order methods in time
@ Methods are included in the atmospheric codes ASAM and WRF
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Conclusion

Thanks for listening!
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