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Two superposed layers on a non flat bottom

h (tx)+h (1,x)+z(x): surface

p,>0

e hz(t,x) +z(x): interface
u,(t,x)
P> P,
h,(tx) r=p,/p,

4,(t ) /_\/ z(x): topography
u,(tx

» X

-




INTRODUCTION

Equations

We consider the following system of equations modelling the flow of
two shallow water layers :

0:hy —|—8X(h1 U1) =0
at(h1 U1)+ax(h1 U12—|-gh2) —gh18 (hg—l—Z)
athz +ax(h2U2) =0
0t(hotin) + Ox(hotiz + £ h3) = —gho0y(r hy + z)
This problem has been already adressed, we can cite C. Parés, M.

Castro, J. Macias, F. Bouchut, T. Morales, T. Chacén, E. Fernandez, J.
Garcia, E. Audusse, J. Sainte-Marie, . ..
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Motivations

We are looking for a scheme which is expected to :
e preserve hy > 0, ho > 0,
e preserve the steady states at rest (well-balancing property) :

u=u>=20
hi+ho+z=cst
rhy 4+ h, 4+ z =cst

e be in agreement with real results especially if r approaches 1.
Idea : apply what we did for the one-layer problem :

C. Berthon, F. Foucher, Efficient well-balanced hydrostatic upwind schemes
for shallow-water equations, JCP, 2012.
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One-layer system

d¢th+0x(hu) =0
0¢(hu) + 0x(hu? + $h*) = —hgoxz

We see that the steady states at rest are given by :

u=20
h+z =cst

In order to derive a well-balanced scheme, the idea is to introduce the
free surface :
H=h+2z

Then, using the associated fraction of water X = ﬁ and writing :

h? = h(H— z) = hH — hz = XH? — hz,
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New one-layer system

we transform for weak solutions the initial system into :

dth+x(XHu) =0
0¢(hu) + 0x (X(HU? + §H?)— 9 hz) = —ghdyxz

which can be written :

where

h H
w= and W = are state vectors, h> 0, H > 0,
hu Hu

(W) = (H 2I_—l~_ugl'_12> and S(H,h) = (_qa (h(H—h))o— _ )
u-—-3 27X ghox(H = h)
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New two-layer system

We introduce :

Hi = hy+hy+zand Xy = {f
szrh1+h2+zandX2:fT§

and state vectors :

hj H; .
W <h/U'> and VV/ (Hjuj> ’ h/ = 0’ H/ > Oa J 1a2

In order to transform the two-layers system, we write that

h2 = XyHy(Hy — hp — 2)
h3 = XoHo(Ho — r hy — 2)
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Two-layer splitting system

Then we derive the new system :

dthy +0x(X1Hiug) =0

Ot(hyur) 4 0x (X1 (Hiuf + §H? )= hy(ha+ 2)) = —ghiOx(he + 2)
dtho + 0y (XeHat2) = 0

0r(h2u2) +Ox (Xo(Hats + SHZ)—Sho(rhy + 2)) = —ghp0x(r hy + z)

Finally using that
h2—|—Z: H1 —h1 and I’h1 +Z:H2—h2
we turn the system into two similar systems with source terms

afV|/l+aX()(Jf(M/l)) = S(H/ahf)7 j=1,2
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Discretization of f(W)

Uniform mesh in space Ax = X, 1 —Xx;_1
2 2

Time step At = "1 — 7
Values in the cell [x,-_%,x,,r%] at time " :

He

1

flo(wr Wi ) .
n N ) — [ CAxNTT 0 PRI
fax (W, WEy) (fg‘i(W/’, Wi'-7+1)> computed by a numerical
scheme (HLLC, VFRoe, relaxation, ...) well-known for the
homogeneous system d;w + d,f(w) =0 :

n n n n n
uivHiv)(i7Wi7VV/7Zi

t
j T Ak (fax (W] wWly) — fax (w4, w]"))
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Discretization of S(H, h)
e We introduce upwind values on interfaces x;, 1

HP X" si (W, >0
; : Iy, Xy g else

e (W W)
. 1
XH-% l+

e Then we define values /1, 1 by :

hipy=Hi 1 Xy s

NUMERICAL RESULTS
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One-layer scheme
e We write the approximation :

gaxh(H — h) — ghdx(H— h)

g
=5 (hi+%(Hi+% —hi ) =h i (Hoy = hif‘é))
g
- E(hur; + h/—%) ((HH-% - hi+%) - (Hi—; - h/—;))

g
= E(hi+; Hiy—hi 1 H,-+%)

2

g9
= > i+%Hi—%(Xi+% —Xi_1)

2
e We deduce the one-layer scheme :

n+1 _ .n At

wi =wp = E(X/%fo(Win: in+1) —&7%fAX(Mﬁ1, W)
L9 At < 0 >
2 Ax HF%HH%(XH% _X#%)
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Two-layers scheme

We recall the splitting two-layers system :

I +9x(X7(W))) =

S(H/’h/)’ j=1,2

Now, we derive the following scheme to approximate this system,
writing the previous one-layer scheme for each layer :

At
"‘//,.7/+1 = V"/'rji_ B()@,H‘E"AX(VV/‘Z» W/n/+1) X/,”fo(W// 15 Wn))
g At < 0 >
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The scheme is well-balanced
Let's suppose u/'; = 0, H/; = H;, where H; constant, j = 1,2.
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The scheme is well-balanced
Let's suppose u/'; = 0, H/; = H;, where H; constant, j = 1,2.
e Since fay is consistent, we've got fa(w, w) = f(w), so that

0
fo(Wj’?fy /c7/+1): <9H2>
27



INTRODUCTION ONE-LAYER SYSTEM TWO-LAYER SPLITTING SYSTEM PROPERTIES SECOND-ORDER SCHEME NUMERICAL RESULTS

The scheme is well-balanced
Let's suppose u/'; = 0, H/; = H;, where H; constant, j = 1,2.
e Since fay is consistent, we've got fa(w, w) = f(w), so that
0
fax(Wi Wiiiy) = g2
2j

e Putting it in the scheme, we get : (i) A7} = h7; and

i At g
(i) (hu)f = (u)f; = Ay Kt~ X/}i—%)EH/Z
g At
EE/—I/?"*%I-I/,H%(X/',H‘E - XL,-,%)
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The scheme is well-balanced
Let's suppose u/'; = 0, H/; = H;, where H; constant, j = 1,2.
e Since fay is consistent, we've got fa(w, w) = f(w), so that
0
fax(Wi Wiiiy) = g2
2j

e Putting it in the scheme, we get : (i) A7} = h7; and

i At g
(i) (hu)f = (u)f; = Ay Kt~ X/}i—%)EH/Z
g At
EE/—I/’"*%I-I/,H%(X/',H‘E - XL,-,%)

e Then from (i), we deduce :
Hit = B 4+ 3T + 2= b7+ B+ 21 = HY = Hy
HY T = 4+ Gz = 4+ 13 4z = HY = Ho
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The scheme is well-balanced
Let's suppose u/'; = 0, H/; = H;, where H; constant, j = 1,2.
e Since fay is consistent, we've got fa(w, w) = f(w), so that
0
fax(Wi Wiiiy) = g2
2j

e Putting it in the scheme, we get : (i) A7} = h7; and

i At g
(i) (hu)f = (u)f; = Ay Kt~ X/}i—%)EH/Z
g At
EBI—I/J*%HLH%(XLH‘E - XL,-,%)

e Then from (i), we deduce :
HI = hT g 2= 1+ 0+ 2= H = Hi
HY T = 4+ Gz = 4+ 13 4z = HY = Ho
e This implies HLF% = H/',i+% = H; so that (i) leads to
(hu)i" = (hu)].
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The scheme is well-balanced
Let's suppose u/'; = 0, H/; = H;, where H; constant, j = 1,2.
e Since fay is consistent, we've got fa(w, w) = f(w), so that

0
fax(Wi Wiiiy) = <9H2>
21

+ Puting tin he scheme, we ge (1) 11" = K7 and
i At g
(if) (hu)TH" = (hu)f; — E(XJH; — )(/.71.7%)5,_,/2
g At
EBI—I/J*%HLH%(XLH‘E - XL,-,%)

Then from (i), we deduce :

HI = hT g 2= 1+ 0+ 2= H = Hi
{Hgf =rhl T Wz =r A 4+ h 4z = HY = Ho
This implies HLF% = H/',i+% = H; so that (i) leads to
(hu)[" = (hu)p. »

. n+1 __ (hu)],/ _ (hu)jnl N __
Finally u; ;" = = T = ui=0
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The scheme preserves hy and ho non negative ?

We use for each layer exactly the same proof as for one layer. Let’s
look to the first equation of the scheme :

At
X; i+%f£x(M/jr.7i7 jr.7i+1)_X‘ i—%fZX(W/ 15 Wn))

At — g - 2
joi Joi Ax( J, Js j
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The scheme preserves hy and ho non negative ?

We use for each layer exactly the same proof as for one layer. Let’s
look to the first equation of the scheme :

At
hj,'?/7L1 = h/(?i - E()(j,i—&-% fZX(W” J, /+1) Xj,i—% fgx( VV/ i—1» Wn))
Reminding the definition of X; i1 We write :

X,,+‘ fo(Wn /+1) (Xn + X /+1)f£x(W/7n j7i+1)

’
- E(Xjr,'i+1 — XA (W W)
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The scheme preserves hy and ho non negative ?
We use for each layer exactly the same proof as for one layer. Let’s
look to the first equation of the scheme :

At
hjni+1 = h/n/ - 7(X‘,i+%f£X(M/jr.7is jr.7i+1) _Xj,i—%fgx(

Ax
Reminding the definition of X/‘J+%’ we write :

Wi+ W)

1
Xj,i+%f£x(vvjniv /'7/+1):§(Xjf,1i+ j7i+1)f£x( j?ia j7i+1)
n

’
- E(Xj7i+1 — XA (W W)

We obtain h/n:q = (X/',,')(j?,-_1 + (l‘://nlJr1 — Qi — B/J))(jrji + sti)(jr,'li+1 with :

Qi = %% (fR( i W)+ R ( i1 W/n,)D >0
[él'-i = %Af( (_fgx(vvj?i? M/j?i-i-1)+ ‘fZX(Ver:i, VV/”:+1)D >0
AT = HE = ax (R W W) = (R, (W]i_y, W)



INTRODUCTION ONE-LAYER SYSTEM TWO-LAYER SPLITTING SYSTEM PROPERTIES SECOND-ORDER SCHEME NUMERICAL RESULTS

The scheme preserves hy and h, non negative
Let's suppose /1, > 0, j =1.2.
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The scheme preserves hy and ho non negative
Let's suppose /1, > 0, j =1.2.
e Assume that the numerical flux we use satisfies :

At
h:v >0= hln - E (fgx(wina Wi,zH ) - ng(WI.n_1 ) Win)) >0

Then: A7, > 0= H,> 0= H"" > 0.
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The scheme preserves hy and ho non negative
Let's suppose /1, > 0, j =1.2.
e Assume that the numerical flux we use satisfies :

At
hln >0= hln - E (fgx(winv Wi,zH) fAX( In 17Wn)) >0

Then: h, > 0= H, > 0= H'" >o0.
° The S|gn ofy i = H”+1 o — B,-_,- depends on the sign of
cases, under the additional CFL like condition :

At .
Ay (max(0, 1R, (W, Wl 4)) = min(0. ;A (W)}, W)))) < H,
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The scheme preserves hy and ho non negative
Let's suppose /1, > 0, j =1.2.
e Assume that the numerical flux we use satisfies :

At
hln >0= hln - E (fgx(winv Wi,zH) fAX( In 17Wn)) >0

Then: h, > 0= H, > 0= H'" >o0.
° The S|gn of v, = H”+1 — 0 — Bj_,- depends on the sign of

cases, under the additional CFL like condition :
At n . h n n
AX (max(O fo( jI7 j,i+1))_m|n(o’fo(VV// 15 W ))) < Hj,i

hn+1
e Finally, the quotlent '+ is a convex combination of X

n
/l 12 X

and X/ which are in [O 1] by definition.
e We deduce 0 < h" < H'.
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Second-order MUSCL extension
e We reconstruct new values on the two sub-cells
[x,;%,x,v] (values with exposant -)

[xi, X; +%] (values with exposant +)

. +
W = B (AR);; >0, (hu)fy™ = (hu)]; & (Ahu);,,

i
n,+ n
Hj7i = H/J + (AH)/',,' >0,
n7i n,i n,i
Xt hy; Hu)YE — H;j (hu)j,i
G = oz (HU)T = nE
H™ h™
15! yol
n,+ n,— n,+ n,—
Wice | Wi Wii Wit
Xi—1 Xi Xipd
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e We define upwind values on the interfaces x; and X 1

n,— n,— n,+
oo HE X R (W W) >0
’_Ij.ia )(]I — Hn’+ Xn+ |

ji o A ©I1S€
and
n,+ N+ ¢ ch n,+
? X = HT X R (W W) > 0
i+ f»i+1§_ HM " X" el
10 A i1 ©IS€
Gicp o Jith
- X.i it L
n,+ n,— n,+ n,—
Wi | Wi Wi Wit
Xi—3 Xi Xt 3
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Second-order scheme

INTRODUCTION ONE-LAYER SYSTEM

We deduce a conservative reconstruction of w/ "' on the initial cell
[x_1,X 1] with values w/"""* calculated with the first-order scheme

2
on each sub cell :

We obtain the new scheme :

X1 i (W W

At o
Wi = m‘g( ). )= Xy (W W ))

1
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Test 1 on flat bottom with r = 0.7

Test1,r=0.7, CFL =05, s =500, t= 0 Test1,r=07, GFL = 0.1, ns = 500, 1 = 0, MUSCL.

“suraco it ——
“lopography”
5 5
1 1
05 05
0 0
o 2 4 6 8 10 o 2 4 6 8 10

FIGURE.' left : first-order, ns = 500, CFL = 0.5; right : second-order, ns = 500, CFL = 0.1

We put boundary conditions to simulate infinite reservoirs at both

ends :
e Neumann conditions for h; and ho,
o hiuy = —hotr

We let fluids evolve until a stationary state is reached.
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Test 1 on flat bottom with r = 0.7

Let us stop earlier to better compare the two schemes :

Test1,r=0.7, CFL= 05, ns = 500,1=0 Test 1,=0.7, GFL = 0.1, s = 500, t =0, MUSCL
2 2
“ulface init. —— “ulface init. ——
“infoiace it “infertace it
“opography’ "lopography” -~
15 15
| 1
05 05
o 0
0 2 4 0 8 10 0 2 4 0 8 10

FIGURE-: left : first-order, ns = 500, CFL = 0.5 right : second-order, ns = 500, CFL = 0.1
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ONE-LAYER SYSTEM TWO-LAYER SPLITTING SYSTEM PROPERTIES S

Test 1 on flat bottom with r

Test 1,1=0.98, CFL = 05, ns = 500,1=0

:COND-ORDER SCHEME NUMERICAL RESULTS

= 0.98

Test 1, =0.98, CFL = 0.5, ns = 5000, t= 0

2 2
"surtaco it —— "suraco it ——
interface _init” “intertace init”
*iopography” *iopography”

15 15
1 1
05 05
0 0
o 2 4 6 8 10 o 2 4 6 8 10
Test1, 1= 0,98, OFL = 0.1, ns = 500, 1= 0, MUSCL
2
“surtace init ——
“intertace init”
e
15
1
05
o L L L L
o 2 4 6 8 10

FIGURE-: feft: first-order, ns = 500; right : first order, ns = 5000 ; lower : second-order, ns = 500
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Test 1 on flat bottom with r = 0.98

Test 1, - 0.98,CFL - 05, 500,10 Test 1,098, CFL - 05, 1 - 500010 Test 1.~ 098, GFL - 0.1, 50.1 -0, MUSCL

FIGURE-: feft : first-order, ns = 500; right : first order ns = 5000 ; lower : second-order, ns = 500

e first-order with 5000 cells ~ second-order with 500 cells,

e improvement when comparing with result obtained by Bouchut
and Morales.
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Test 2 : lock-exchanged on flat bottom with r = 0.85

Test2,r=0.85, CFL - 05, ns = 100,10 Test2, 1= 0.85, CFL = 0.05, ns = 100, t= 0, MUSCL
1 1
“surtace_init’ —— “surtace_init. ——

intertace init intertace init

topography” raphy’
08 08
06 06
04 04
02 02
0 0

1 02 04 [ 08 1 1 02 04 08 08 1

FIGURE-: feft : first-order, ns = 100, CFL = 0.5 right : second-order, ns = 100, CFL = 0.05
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Test 2 : lock-exchanged on flat bottom with r = 0.95

Test2,r=0.95, CFL - 0.5, ns = 100,10 Test2, 1= 0.95, CFL = 0.05, ns = 100, t= 0, MUSCL
1 1
“surtace_init’ —— “surtace_init. ——

intertace init intertace init

topography” raphy’
08 08
06 06
04 04
02 02
0 0

1 02 04 [ 08 1 1 02 04 08 08 1

FIGURE-: et :first-order, ns = 100, CFL = 0.5, right : second-order, ns = 100, GFL = 0.05
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Lock-exchanged over a bump with r = 0.98

Test 3, 1= 098, CFL=0.5, ns = 500, 1=0 Test 3, 1= 098, CFL =005, ns = 150, (= 0, MUSCL

FIGURE.' left : first-order, ns = 500, CFL = 0.5; right : second-order, ns = 150, CFL = 0.05

we compute the approximate solution until a steady state is
reached,

we get values g1 = —@p, hi(x = —3), ho(x = —3),

we calculate the corresponding (hy(x), h2(x)) by solving steady
state equations,

we obtain good agreement between approximation and reference
solutions.
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Conclusion

e We have find a way to split the two-layer system into two
one-layer systems.

e The first numerical results are satisfying. We will next look for
further results.

¢ |t seems that improvement can be obtained for the CFL value.
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