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Introduction Aim

aim: construct a scheme for the two-layer 2D shallow water equations
@ in the FVEG framework
@ positivity preserving
@ handle wet/dry fronts
@ well-balanced
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Introduction FVEG framework

FVEG framework

We consider hyperbolic equations with source terms, i.e. balance laws

w; + div f(w) = S(w, Vw, Vo)
d
Wy + ZAKWXK = s(w, Vo)
k=1

@ o a smooth scalar-valued function
o f:= (f1, . fd) a smooth matrix-valued function

0 A= — 5 (w)
@ Q C RY spatial domain
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Introduction FVEG framework

FVEG framework

The FVEG framework consists of two step
@ corrector step
@ predictor step
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Introduction FVEG framework

FVEG framework

corrector step (FV update)
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Introduction FVEG framework

FVEG framework

corrector step (FV update)

tn+1

1 At
W”*1=W”-——//fW* —/ w*, v w-
ij i |Qi’j|r y (W*)n + ] S(W*,VW* Vo) dt
n i.j

)
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Introduction FVEG framework

FVEG framework

corrector step (FV update)

n+1 __ n * * *
W = Wy — IQ,/I /fW)n+|Q’/|/SW YW, Vo)

yl

n . 1 .
° Vvi,j'_Q_Qf @Q;
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Introduction FVEG framework

FVEG framework

corrector step (FV update)

'n'+1_ n f W* w*
w; W — |Q7/|/ |Q,j|/8 VW*, Vo)

o Wiy =y [ wlx, 1) d@Q;
Q;
predictor step (Evolution operator)

W* = EppRW"

@ Ea¢/» evolution operator
@ R recovery operator (e.g. bilinear reconstruction)
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Introduction FVEG framework

FVEG framework

predictor step (Evolution operator (Ea¢/2))
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Introduction FVEG framework

FVEG framework

predictor step (Evolution operator (Ea¢/2))

W(P) = |Sd1| /er/ W(Q ()
gd—1 J=1
te

d
+ [ sWt.n)). To(a(tn) + Y (8,41~ Ac) Wa(Q(t.m) ot} o

s k=1

° Git,n) = Xe — VN (te — 1), Qi(t,n) := (qi(t.m), )
@ qgi(n) = qj(ts,n), Qi(n) == Qi(ts,m)
o Ay := Ac(W) linearized matrices

d _
o i il X eigenstructure of A(n) := > x_; Ak, n € S’
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Introduction FVEG framework

FVEG framework

P= (3767 Ye, te)T

Abbildung: Bicharacteristic cone
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Introduction Two-layer shallow water equations

Two-layer Shallow water equations

othy + diV(h1 01) =0,

O (h1 ﬁ1) + div (h1 Uy 017) + gh1V(h1 + ho + b) + fhy af‘ =0, 1)
Otho + le(thz) =0,

Ot (thz) + div (hgljzl_jo) + gth(rfh + ho + b) + fhgleL =0,

@ h; height of i-th layer
o = (5’) velocity of i-th layer

I
0 0<r:= % < 1 density fraction

@ (.)* ccw rotation by 5
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Introduction Two-layer shallow water equations

Two-layer Shallow water equations

Orhy + div (h1 lj1) =0,

O (h1 01) + div (h1 Uy U1T) + gV(fﬁ) = —gh1V(h2 + b) — fhy L_I'f‘,
Otho + div (hzljz) =0,

Ot (hollp) + div (hola U] ) + §V(h8) = —gheV (rhy + b) — fhy s,

@ h; height of i-th layer
o = (5’) velocity of i-th layer

I
0 0<r:= % < 1 density fraction

@ (.)* ccw rotation by 5
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Introduction Two-layer shallow water equations

Eigenstructure

characteristic polynomial

p(t,n) = pi(t,n) - p2A(t,n)
("0 — t)(n" Tz — t)

=:p1(t,m)
[((n" G — ) = |Iml3gh)) ((n" Gz — )% — |Inll3ghe)) — lInli2rg® i he]
::Pz‘(rtm)

M. Dudzinski Bilayer SWE 28.06.2012 12/46



Introduction Two-layer shallow water equations

characteristic polynomial
= (-0 -1

=:py(t,m)
[((n"tr — 8% — |Inliagh)) ((n" Gz — t)° — |lnllaghe)) — Inl3rg® e

=:pa(t,m)

@ always four real roots \z/5 := n' U s2 and A3, surface waves
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Introduction Two-layer shallow water equations

characteristic polynomial
= (-0 -1
=py(t,m)
[((n" T = ) = [InlBghn)) ((n" T — 1) = IInl5ghe)) — lInllZrg® i he]

=pa(t,m)

@ always four real roots Az /5 := n' Uy s2 and A3, surface waves
@ two possibly complex roots A4 /s, interface waves
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Introduction Two-layer shallow water equations

Hyperbolic region

(1) is hyperbolic < V5 : pa(tmax(n),n) > 0.
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Introduction Two-layer shallow water equations

Eigenstructure

1 T/ -\\2
I (G CR) R CRO )
¢ ::T+g(h1+h2)20,

2, 42
Cop:=T +gg hyhy(1 —r) >0,

Cyi= T3 — 28°hhy [(2+r)T+rg (n1 + h2)] ,

1/3
D= c1+<‘/C§*CS+°3) *W’

29 (’H - ’72) (WT@ - ‘72))

Kijp:=\/3C — D2 F -
\ 1T(. ~ Yok
LT (5 w) L (o k).
173 1+ U2 > 1
N 1T(_ - Y pik
=-n + )+—(+ )
3= () 2
1 1
T (4 . =
Ap = -n ( n )_-(D—K ,
4= i+ O p ]
\ 1T(-. _ Yok
27 * )+_( B )
6= 3 1)+ 2
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Introduction Two-layer shallow water equations

Hyperbolic region

(1) is hyperbolic < Vn : (D) =0,D #0.
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Introduction Two-layer shallow water equations

Steady states

we consider solutions constant along streamlines, i.e.

(3t+VTl_j,') hi =0, (8t+VTU,-> U,-:O, i=1,2
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Introduction Two-layer shallow water equations

Steady states

we consider solutions constant along streamlines, i.e.
(8t+VTU,-) hi =0, (8,+VTU,-) U,-:O, i=1,2
then (1) rewrites to (h; # 0)
div (t1) = div (i) = 0,
gVe = —fui, = geostrophic equilibrium
gVe = —fuy,

e:=h+h+band e :=rhy + ho + b are locally one-dimensional
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Introduction Two-layer shallow water equations

Steady states

we consider solutions constant along streamlines, i.e.
(00+97G) b =0, (9+VTd)G=0, =12
then (1) rewrites to (h; # 0)
div (4y) = div(tk) = 0,
gVe = —fui, — geostrophic equilibrium
gVe = —fuy,
€:=hy + hs+ band e :=rhy + hp + b are locally one-dimensional

Ui=U=0=Ve=Ve=0 = lake atrest
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Numerical scheme Predictor step

Outline

e Numerical scheme
@ Predictor step

@ Flux discretization
@ Source discretization
@ Preserve positivity
@ Adaption at shoreline
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Numerical scheme Predictor step

Predictor step

for prediction rewrite system in primitive variables
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Numerical scheme Predictor step

Predictor step

for prediction rewrite system in primitive variables

Vi + A1 Vi + A Vy = S(Vb, V),

U e—w 0 U — Uy w—>b 0
€ g w 0 0 0 0
U4 0 0 U4 0 0 0
=1ol “=lo o 0o w w-b ol
Up rg 0 0 (1-nNg W 0
0 0 O 0 0 W
Vi 0 E—w Vo — Vq 0 w—>b
U3 Vb 0w O 0 0 0
—fit g 0 v 0 0 0
S=lave|> *“=|o o o v 0 w-b
—fis 0 0 0 0 v 0
rg 0 0 1-ng O Vo

wherew:=ho+b,e:=hy +w
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Numerical scheme Predictor step

Predictor step

recall (d =2,n= 6 now)

d

n fe
1 o~ S~
V(P) = T / E ,Jnliy{v@(n)“/s(wo,(t, ), Vo(git, m)) + E (ankA’nI—Ak) Vi (@t n))dt} dn
sd—1 =

y s k=1
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Numerical scheme Predictor step

Predictor step

recall (d =2,n= 6 now)

d

_ _ o (o Iy
VP = —— |sd y / E i { @) + e = 1) (G, Vr(gy) + E (ome Xyt = A ) v (@)
—1

k=1

o time integral: rectangle rule at t = ¢,
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Numerical scheme Predictor step

Predictor step

recall (d =2,n= 6 now)

d
V(P) =

so— k=1

o time integral: rectangle rule at t = ¢,
@ 7 integral:

2m
o parametrize n(f) := (Z?:((g))) =>sf1(.)dn = 0f(.)de

M. Dudzinski Bilayer SWE

28.06.2012
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Numerical scheme Predictor step

Predictor step

recall (d =2,n= 6 now)

d

|sd T / E #{ VG + (te — ) (s, Tt + E (o ¥yt = 2) Vi (@) } om

k=1

V(P) =

gd—1 =1

@ time integral: rectangle rule at t = ¢,
@ 7 integral:

o parametrize n(0) := <(;?:((g))) =>sf1(.)dn = f(.)de

27
o how to approximate [ (.)d6 ?
0
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Numerical scheme Predictor step

Predictor step

Qi*l,j

ca\
\

.Qi—l,j—l
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Numerical scheme Predictor step

Predictor step

Evolution operator is exactly well-balanced for lake at rest. I
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Numerical scheme Corrector step

Outline

e Numerical scheme

@ Corrector step
@ Flux discretization
@ Source discretization
@ Preserve positivity
@ Adaption at shoreline
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Numerical scheme Corrector step

Flux discretization

/f(W)n—Z/f(W nf; ~ Z|6Q,|Za,f(Wx,k,tn+ t))nf‘,,-
ank =

99, ;

@ K point quadrature rule (midpoint, Simpson,...)
® x/, quadrature points
@ oy weights

28.06.2012 23/46
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Numerical scheme Corrector step

Source discretization

/S(W*,VW*,va)z ?

M. Dudzinski Bilayer SWE 28.06.2012 24/ 46



Numerical scheme Corrector step

Source discretization

/S(W*,VW*,VU)R: ?
Qi,j

or(rhyuy + houp) + O (rh1 U2 + hotis + g (rh% + 2rhy hy + h%))

+ 8y (I’h1 u vy + h2U2V2)
= —g(rhy + ho) Oxb + f(rhyvs + hav2) |
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Numerical scheme Corrector step

Source discretization

8;(rh1 uy + h2U2) + Ox (fh1 U12 + hgug + g (I’h? + 2rhyho + h%))

+ 8y (I’h1 ui vy + h2U2V2)
= —g(rhy + h2) Oxb+ f (rhyvy + havz),

=

rghy 8X(b + h2) + ghzt?x(b + I’h1) = rgax(h1 h2) + g(rh1 + hz)axb.
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Numerical scheme Corrector step

Source discretization

8[(fh1 uy + h2U2) + Oy (fh1 U12 + hgug + g (I’h? +2rhihs + hg))

+ 8y (I’h1 u vy + h2U2V2)
= —g(rhy + h2) Oxb+ f (rhyvy + havz),

=

rghy 8X(b + h2) + ghzt?x(b + fh1) = rgc‘)x(h1 h2) + g(rh1 + hz)axb.

hi + hi hg + h§
S (W - ns) + =252 (h — k) = hThg — hih
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Numerical scheme Corrector step

Source discretization

4

* % 1_ . K+rh +b

/S(W VW ,vU)zE : / 701-d|ag(n§f,)- (L§+rh3+b>
k=1

Q; anﬁi

Ca - diag(n ). (6 T HDY yoaar
+ C4 - diag(n;;) <L1 Yt b) d'’oQ;;

0 0 0 0

0 0 _g.uxh1 0

= 0 0 = 0 —guyhy

Cr = 0 0 Ca = 0 0

—rg,uxhz 0 0 0

0 —rguyh 0 0

and o«K; = —éVi, OxLi = éui, i=1,2
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Numerical scheme Corrector step

Source discretization

4 K
« At
/ f(W N> (098> aF(W(x, th+ =) nk;
k=1

0% =1

4
. . 1= Ko+ rhy + b
/S(W , VW ,VU)%E : / ~Ci - diag(nf;) - (L§+rh:+b>

k=1
Q. j

—_ Ki+h+b
+ C4 - diag(ny) - <L11 1h§ _t b) dMaqk;
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Numerical scheme Corrector step

Source discretization

/f(W )n~Z|8Q]|Za/F(WX,k,tn+ ))nll

8%

. . Ko+ rhi+b
/S(W VW, Vo) Z/ 7 G - diag(n) - (LiirhIib)
Qi k= 1ank
+Cs- d|ag(nll) (fﬂiZzi-g) d(1)6Qf'(J

@ apply same quadrature as for fluxes
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Numerical scheme Corrector step

Source discretization

4 K
. At
/ (W= (0985> alF(W(xk, th+ > nf;
k=1

8% =1
: 1 Ko+ rhy + b
VW ~ k 2T - diag(nk) . (2T M
/S(W ,VW* Vo) ~ k§71 09| EH a/(rC1 diag(n;)) (L2 i +b>

Qi j

+ Cy - diag(nf)) - (K‘ Thet b) )

Ly+h+b
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Numerical scheme Corrector step

Corrector step

Corrector step is exactly well-balanced for lake at rest and third order
well-balanced for the geostrophic equilibrium.
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Numerical scheme Corrector step

Preserve positivity

At), ;& C1 o p
(h)i" = (¢ o 1| Z|asz,,| ) —Q—Z (an?, o9kl (F9)" > o.
k=1

(F,-k)in := min(0, F), (F,-")o"t := max(0, Ff).
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Numerical scheme Corrector step

Preserve positivity

4 4
w1
1 (F) ‘”—Q—Z (At 109k (F9" > o.

k= k=1

(h)iF" = (hn)] —
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Numerical scheme Corrector step

Preserve positivity

4 4
K out 1 p K
i1 (FF) _?T‘E: (atyr ok (F9" > o.

k= k=1

(h)7F = (hn)] —

information travels at finite speed = if condition is not fulfilled, reduce time

step
ij (he)]
t iy
k- |09k (FF)™

(At)u =
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Numerical scheme Corrector step

Preserve positivity

consider

1
(h1ur)t + (hy U12 + —gh12)x + (hiuyvy)y, = —ghy(ho + b)x + fhy vy
2

source

flux

lake at rest means dx(hy + h2 + b) = 0, but previous adaption introduces
different timings for flux and source
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Numerical scheme Corrector step

Preserve positivity

consider

1
(h1ur)t + (hy U12 + *gh12)x + (hiuyvy)y, = —ghy(ho + b)x + fhy vy
2

source

flux

lake at rest means dx(hy + h2 + b) = 0, but previous adaption introduces
different timings for flux and source
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Numerical scheme Corrector step

Preserve positivity

consider

(h1 U1)t + (h1 U12)x + (h1 U4 V4 )y = —gh1(h1 + hy + b)x + fhivy

f|UX source

lake at rest means dx(ht + h2 + b) = 0, but previous adaption introduces
different timings for flux and source
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Numerical scheme Corrector step

Preserve positivity

consider

(h1 U1)t + (h1 U12)X + (h1 Uy vy )y = —gh1(h1 + ho + b)x + fthyvy

(8,+U1TV)(h1 Uy )+h1 uq div(D‘1 ) source

adaption also suffices for geostrophic equilibrium

M. Dudzinski Bilayer SWE 28.06.2012

28 /46



Numerical scheme Corrector step

oreline

1
T Tik Tj.k
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Numerical scheme Corrector step

Adaption at shoreline

if x/ , is a wet/dry frontand us(x/,) =0,s=1,2 = Wit = W

if ] , is a wet/dry front and us(x/,) =0, s =1,2 = Ejr1 =€
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Dambreak

We took g =9.81, r = 0.98, b =0, r = 0.98 and choose the following initial
data

05 ifx<05
h 0 — b b
1(0.%) {0.55, if x > 0.5,

05, ifx<05
h 0 — ) )
2(0,X) {0.45, if x> 0.5,

u1(0,x) = ux(0,x) = 2.5.
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Numerical results

Dambreak

b time: 0.1
048 1
045 1
044 ]
0 o1 oz 03 04 05 06 o7 o8 o8 1 h me:0.1
10002
hu, time: 01
777777 10001
135 ; B |
13 s 1 09999
i
1 1 osom
12 1 , . . , . . . , ,
0997
© o1 oz 03 04 05 06 o7 o8 o8 1
115] 1
n , , , , , , , " !
01 0z 03 04 05 o6 o7 08 05 1
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2nd Dambreak

We took g =9.81, r = 0.98, b =0, r = 0.98 and choose the following initial
data

hi(0, x) = {0.2, if x <5,

18, ifx>5,

18, ifx<5
ha(0,x) = 4 % ’
2(0,X) {0.2, if x > 5,

u1(0,x) = uz(0,x) = 0.
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Numerical results

2nd Dambreak

h, time: 5
A T T T T T T T T T
1
151 j b
.
1+ B |
;-
05 i |
7777777777 1
. , , . , . . \ ,
0 1 2 3 4 5 6 7 8 9 10
hu, time: 5
03 T T T T T T T T T
0.2 L - |

34/46

Bilayer SWE




Experimental order of convergence

hi (0, x,y) = 10 + €5"™) . cos(2ry),
hiut(0, x, y) = sin(cos(2xx)) - sin(2ry),
hivi(0,x,y) = cos(27rx) cos(sin(2my)),
h2(0,x,y) =
U(0,x,y) = V2(0 x,y) =0,
b(x,y) = sin(2rx) + cos(2ny)
r=098, g=9812, f=0
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Experimental order of convergence

No. cells hy EOC ho EOC
20 x 20 2.5155e-02 9.5881e-03
40 x 40 5.7887e-03 | 2.1195 | 2.5155e-03 | 1.9304
80 x 80 1.2775e-03 | 2.1800 | 6.3063e-04 | 1.9960
160 x 160 | 2.8574e-04 | 2.1605 | 1.5581e-04 | 2.0170
320 x 320 | 6.1849e-05 | 2.2079 | 3.8325e-05 | 2.0234

No. cells Uy EOC U EOC
20 x 20 7.8012e-02 2.0035e-02
40 x 40 1.5628e-02 | 2.3196 | 4.3540e-03 | 2.2022
80 x 80 3.3066e-03 | 2.2407 | 1.0165e-03 | 2.0987
160 x 160 | 7.0742e-04 | 2.2247 | 2.4500e-04 | 2.0528
320 x 320 | 1.5367e-04 | 2.2027 | 5.5853e-05 | 2.1331

No. cells Vi EOC Vo EOC
20 x 20 1.6859e-01 3.1914e-02
40 x 40 3.3968e-02 | 2.3113 | 6.4839e-03 | 2.2992
80 x 80 6.9749e-03 | 2.2839 | 1.3617e-03 | 2.2515
160 x 160 | 1.5272e-03 | 2.1913 | 3.0344e-04 | 2.1659
320 x 320 | 3.6685e-04 | 2.0576 | 7.2801e-05 | 2.0594
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Lake at rest

- Ki
7

1
he(0,x,y) = 37— (Ko —r-Ki) = b

hi(0,x,y) =

0.1, else,

b(x,y)={
i (0,x,y) = (0, x,¥) = v1(0, X, y) = v2(0,x,y) = 0

where |||« denotes the maximum norm and r := 2& = 0.5. The parameters are
K1 =1.0, K, = 0.7, g = 9.81 and f = 0. Thus we have

hi+ha+ b= K, r-hi+h+b==K.

Experimental tests were done for several grids using
5x 5,10 x 10,20 x 20,...,500 x 500 mesh cells. Here we have used different CFL
numbers from (0, 1]. The results always yield

lhi +he+b—Kils =0, |Ir-h+ho+b— Ko, =0.

In order to calculate the L'-norms the double precision arithmetic was applied.

M. Dudzinski Bilayer SWE 28.06.2012 36 /46



Lake at rest

Now we perturb hy

hi(0,x,y) =

K1 + 10_37 if ||(X7y)||00 < 0257
—1 0.0, else.

S0 1 10 10w
o /\/V\/\
2o
Lo oo e oo
messn

S0

oam)

oame
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Geostrophic adjustment

hi(0,x,y) = 1+% (1 —tanh (\/(\/XX)Z +R(://\/X)2_Ri)) |

hZ(O,X,Y) = 1» U1(O,X,y):V1(0,X,y):U2(O,X,y):V2(O,X,y)20,

(] Ao=0.5,)\=2.5, Re=01and R =1
0eg=Ff=1,r=0.98
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Numerical results

b, time: 50173 h,time: 10,0005

h,time: 15,0475 h,time: 50
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Numerical results

Geostrophic adjustment

=60, L,=1.740e-06 =60, L,=2.782e-06
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Interface propagation

0.5 if x € Q
h 0 — b b
1(0.%.7) {0.45, else,
0.5 if x € Q
h 07 , — ) )
2(0..y) {0.55, else,
u1(0,x,y) = (0, x,¥) = v1(0, x, y) = v2(0, x, y) = 2.5,

b(x,y) =0,
g=10,r=098, f=0

where Q is given by

Q = {(x+0.5)%+(y+0.5)? < 0.25}U{x < —0.5,y < 0.0}U{x < 0.0,y < —0.5}.
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Numerical results

Interface propagation

e ime:01 a0t e ime:01 a0t e ime:01 a0t
08 08
g s ™ s
06
&00f
2 04 2 g
0 500)
i i B
o a00)
b -0 o 300) o
o4
200)
1 o) e
o 100]
2
05 06 04 02 0 02 04 06 08 05 06 04 02 0 02 04 06 08 W0 20 a0 a0 50 60 700
wime: 01 wime 01 atme:01
0485 0485 055
08 08 0
o8 oss 046 ol 046
04 oaes o, -o.d65 o4 o465
02 047 o 007 02 oar
o o5 o 0475 o 075
-0 0as 02 048 -02] 048
o4 0ass 04 0485 o4 .05
06 08 -0
049 049 040
0 0 -0l
-0.405 -0.405 -o.405
205 06 04 02 0 02 04 06 08 Q05 06 04 02 0 02 04 06 08 08 065 04 0z 0 02 04 06 08

42/ 46

Bilayer SWE




Numerical results

Interface propagation

h, time: 0.1
0.52 T
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Runup on canonical island

0.625, (x —125)2 + (y —15)2 < 1.21,
b(x,y) := § OVEIBOPYIOR Ty 42 5)% 4 (y — 15)2 < 12.96,
0, else.

Layer depths are chosen as

h2(0, X, y) = max(ov H2 - b(Xay))7
h1 (O,X, y) = maX(O, H1 - h2(07X7.y) - b(Xay))y
where H; = 0.35 and H. = 0.15 and the velocities vanish initially. The height of solitary

wave entering the domain at time t = 0 through the left boundary in the i-th layer is
given by

2
wi(t,0,y) = aH; (cosh((f—3-5)f“/9""'/’-)>

with L =15, = 0.1 and & = , /Ml:,—gﬁ. The density ratio is taken as r = 0.7.
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Numerical results

Runup on canonical island

h, time: 0 b, time: 5.0058

h, time: 10.0087 h, time: 15.0123
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Numerical results

Runup on canonical island

h, time: 20.0135 h, time: 30.0074
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Numerical results

Lake at rest

Thank you for your attention
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