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Simplified Model for Plasma

COMPRESSIBLE NAVIER STOKES POISSON SYSTEM

op” + div(p*ut) =0
Ay (p N +div(p v @u W V()Y = AWM+ (F+7) Vdiv ut 4+ p* VA

NAVA = pr -1, zeR3t>0

p*(z,t) is the negative charge density
mM(z,t) = p*(z, t)u’(x,t) is the current density
u(z,t) is the velocity vector density
VA(z,t) is the electrostatic potential
Tt is the shear viscosity and U is the bulk viscosity

A= Ap/L, Ap is the Debye length



Quasineutral limit

Ap” + div(p*ut) =0
O (p M) +div(p v @u V() =AU+ (F+7) Vdiv ut4+-p* VIV

NAVA = pr -1, zeRt>0

Study the limit A — 0
\
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Ap” + div(p*ut) =0
O (p M) +div(p v @u V() =AU+ (F+7) Vdiv ut4+-p* VIV

NAVY = p* — 1, zeR3t>0

Study the limit A — 0
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Formally yields to an
INCOMPRESSIBLE DYNAMICS

p=1
divu =0



Main Issues

This formal limit will not be in general true
® Control of Acoustic waves

® Control of Space localized, high frequency in time Wave
Packets



What is a plasma ?

A Plasma is a fluid which contains ions and electrons, such that
charge neutrality is mantained

A gas heated up to sufficiently high
temperatures so that the atoms ionise

Sun’s core. The plasma at the center of the
sun, where fusion of hydrogen to form helium
generates the suns heat.

Solar wind. The wind of plasma that blows off
the sun and outward through the region
between the planets.

Interstellar medium.The plasma, in our
Galaxy, that fills the region between the stars.




a charged particle inside a plasma attracts particles with opposite
charge and repels those with the same charge

4

creation of a net cloud of opposite charge around itself

4

the cloud shields the particle’'s own charge from external view

HOW LARGE IS THIS CLOUD?



V =V(r), mno=mean density of electrons and protons
ne==electron density:ngeev/kT n;=ion density= noe_ev/kT

AV = —l(ni —ne) = _%(efeV/kT _ eeV/kT)
€0 €0

potential energy eV < kinetic energy kT’

nge eV eV 2ngpe?
AV=——(1-"——-1—— | =
€0 ( kT kT) ( eokT ) v




_ kT _ 9 —r/xp
Ap = V' 2nge? Vir) = e

the electric field dies off on distance greater than Ap

4

this is the screening effect due to the polarization cloud which
screens the field of charge for distances larger than \p

4

charge fluctuation may occur over distances smaller than Ap

4

the plasma is quasineutral for a distance L >> \p (we can
define as a parameter the “plasma density”)

| Plasma | T(K) | Ap(m) |
Gas discharge 10% 104
Sun'’s core 107 10~11
Solar wind 10° 10
Interstellar medium | 10% 10
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Plasma Oscillation

1 — D linearized system

or+u; =0
up + oy =V,
NV =0

Fourier Transform
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Plasma Oscillation

1 — D linearized system

¢ + Uy = 0
up + oy =V,
NV =0

Solutions

Fourier Transform
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Mathematical difficulties - 1
u= Pl + Q[
—~~ ——

solenoidal part  gradient part
divP[u] =0 Qu] = VU
0,0+ divu =0 Qo + AU =0

O+ Vo =VV 1_ .,
VAV - o UV + Vo= 5VA o

Problem: “weak compactness”



Mathematical difficulties - 1

u= Pl + Q[
—~~ —~

solenoidal part  gradient part
divP[u] =0 Qu] = VU
oo +divu =0 oo+ AV =0
ou+Vo=VV 1 1
VAV = o 8tV\If+V0:ﬁVA o
Problem: “weak compactness”

div(pu ®@ u) =~ div(u ® u)

= div(u ® Pu]) + div(P[u| ® V)

1
+ 5vyv\py? + AUV

1 1
O (cVI)— §V02 + ﬁO’VAilU
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Mathematical difficulties -2
op + div(p*ut) = 0
A (p N +div(p v QUM HV(p )Y = AW +(T+7) Vdiv ut +p* VIV
NAVY =pr —1

LPL% boundon AVV*=)\E*  pVV* ~ AE* @ AE?
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Mathematical difficulties -2
op + div(p*ut) = 0
A (p N +div(p v QUM HV(p )Y = AW +(T+7) Vdiv ut +p* VIV
NAVY =pr —1

LPL% boundon AVV*=)\E*  pVV* ~ AE* @ AE?

simplified example: space independent case
NOoyEN + E* = F
Fourier transform in time

. 1
AEMT) = A

1—)\272 F(7)
A 1
the L? mass of \E* concentrates around T = X as A — 0

= corrector analysis
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Existence for Navier Stokes Poisson
Op™ + div(p*ut) = 0
at(p)‘u’\)+div(pAu>‘®u’\)+V(p’\)7 = ﬁAu)‘—l—(ﬁ-l—ﬁ)Vdiv uA-l—p)‘VV’\
NAVA =p* —1

Renormalized pressure: Total Energy:
AVY 1— A 1 A2 )\2
(v —1) R3 2 2
Initial conditions:
12
/ 7™ |10 + @ + /\QIVO’\\Q) dz < Cy, where p uli—g = mj.
R3 2,00

Existence of global weak solution
(B. Ducomet, E. Feireisl, H. Petzeltovd, and |. Straskraba, 2004)

E(t) + /Ot /R (u Ve P4 (04 )| diva ) deds < 5(0).
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Strategy

Uniform bounds

Strong convergence for Pu

Recover Acoustic equation and control oscillations
o Strichartz estimates

Strong convergence for Qu

Compactness for \VV*

o introduction of correctors
o construction of microlocal defect measure
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Uniform bounds

A2 Ny 1 A
R3 2 (v —1)

t
+ // (,u,\VuAIQ—i—(V + 1) divu)‘]2> dzds < Cy.
0 Jr?

the convexity of z — 27 — 1 — (2 — 1)

4

density fluctuation = 0* = p* — 1 € L¥°LE k = min {2, 7}
e

Vu' is bounded in L?

t,x»

AVV* is bounded in L°L2,

u” is bounded in L?}x NL?LS o™ is bounded in LZH, !
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Leray Projectors

u= Pl + Q
~~ —~

soleinodal part  gradient part
divP[u] =0 Qu] = VU

where
Plu| =1 - Q[u] Q[u] = VA~ div([u]
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Convergence of Pu’

® convolution techniques

® [P compactness
[P’ (¢ + ) = Pu(8) | 20,71 xms) < Crh'/®
4
Pu' — Pu, strongly in L?(0,T; L2 (R?))

loc
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Strategy

Uniform bounds

Strong convergence for Pu

Recover Acoustic equation and control oscillations
o Strichartz estimates

Strong convergence for Qu

Compactness for \VV*
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Acoustic equation

o = p* — 1 = density fluctuation

dro™ + div(p*ut) =0
o (p ) + Vo = pAut + (v + p)Vdive — div(pu? @ u')
— (v =)V + VYV + VIV,
NAVH = o,

20



Acoustic equation
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Differentiate in ¢ the “density fluctuation equation”, taking the
divergence of the second equation
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Acoustic equation

o = p* — 1 = density fluctuation

dro™ + div(p*ut) =0
o (p ) + Vo = pAut + (v + p)V div e’ — div(ptu® @ u?)
— (v =)V + VYV + VIV,
NAVH = o,

Differentiate in ¢ the “density fluctuation equation”, taking the
divergence of the second equation

KLEIN GORDON EQUATION

A
B — Ao™ + % = div(pAu® + (v + p)V divu?)

+ div(div(p*u* ® u)+(y — DVa* —o*VV?)

V.

20



Scaling: mass renormalization

changing the time and space scale:

t= M\t T =\y

0rrG — NG + 6 = —i div(pAd + (v + p)V div @)
+ div(div(pa ®@ @) + (y — 1) V7 +6VV)
+div(6VV).
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Scaling: mass renormalization

changing the time and space scale:

t= M\t T =\y

1
Orr6 — AG + G = — div (ulii + (v + p)V div )

L2H;?
+div(div(pu®@a) + (v - 1)V _7 )
L©LL Ly°Lg
+div (5VV)
——

LFLy

21



Strichartz estimates for Klein-Gordon equations

wy—Awtw =F w(0,)=f, 0wu(0,") =g, (x,t)cRIx[0,T]

lwllzs, + 110wl payy 10 S WAy + gl gy +11F e,

(p,q), are admissible pairs in 3 — D if

10 10
< — —<qg<4
_P_7 3_(1_

L =

By choosing p = 4/3 and ¢ = 4 and by using Duhamel’s principle
we get this “non standard estimate ”

lwllzs , + 10rwll payy—ra S IFN gare + lgll g1z + I F L2z
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Scaling: mass renormalization

changing the time and space scale:

t= M\t T =\y

1
Orr6 — AG + G = — div (ulii + (v + p)V div )

L2H;?
+div(div(pu®@a) + (v - 1)V _7 )
L©LL Ly°Lg
+div (5VV)
——

LFLy
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...we end up with the estimate

_1 _1
A2 HO-)\HL?WJSOQA + A2 HatUAHLfW;SOiBA
1 1
< \S0—3 A So—= A
~ A 2HO-OHI{;?'/Z +A ZHmOHH;E’/?
+ T div(div(c*u* @ u) — (v — 1)V7r’\)||L?on—so—2

+ 2] div Auf + Vdivu|,2,-2 + T div(e*VV?
L2H;

||L?OH;SO_1
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Strong convergence of Qu’
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Strong convergence of Qu’

Quz\ — Q(p)\u)\) . Q(O')\u)\)
—— N——
? L2H;?

A A A A
Q(p ) = VA~ div(p ) 0ot = —div(pru)
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Strong convergence of Qu’

Quz\ — Q(p)\u)\) . Q(O')\u)\)
~—— N~——
? L2H;?

Q(p ut) = VA~ div(p*u?)

Q(p)\u/\) — Al/QVAflAfl/Qata_)\
———

4y 50 2:3
LW,

oo = —div(p*u?)
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Strong convergence of Qu’

L2H;?

A : Ao A
Q(p ) = VA~ div(p ) oo = —div(pru?)

Q(p)\u/\) — A1/2VA71A71/28750_)\
———
Lfm,c;-*()*Z:S

® convolution techniques (Young type estimates)

® interpolation

o
1QuM2pp < CrATIT0) for any p € [4,6).
Y

Qu* — 0 strongly in L2L?, for any p € [4,6).



Strategy

Uniform bounds

Strong convergence for Pu

Recover Acoustic equation and control oscillations
o Strichartz estimates

Strong convergence for Qu

Compactness for \VV*

o introduction of correctors
o construction of microlocal defect measure
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What can we do?
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m Convergence for Qu*

D Compactness for A\EA = AV
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What can we do?

m Convergence for Qu*

D Compactness for A\EA = AV

P(@t(p’\uA)—l—div(p’\u/\ @ uM)+V (") =pAur+ (v + p)V div e + p’\VVA)
4

OP (0 ) +P div(p v @) = pAPU P div (WVA ® )\VVA)
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What can we do?

m Convergence for Qu*

D Compactness for A\EA = AV

P(@t(p’\uA)—l—div(p’\u/\ @ uM)+V (") =pAur+ (v + p)V div e + p’\VVA)
4

AP (p ) +P div(p v @u’) —pAPu? = P div WVA ® WvA

/

Pl ou + (u-V)u — Au = )

27



We know

AEY = A\VV* =~ 0 weakly in L2(0, T, L*(R?))
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We know

AEY = A\VV* =~ 0 weakly in L2(0, T, L*(R?))

we want to pass into the limit in

1
PV =div(\E* @ \E") — §V|)\EA|2
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We know

AEY = A\VV* =~ 0 weakly in L2(0, T, L*(R?))

we want to pass into the limit in
1
PV =div(\E* @ \E") — §V|)\EA|2

Our setting

We want to study the weak continuity of quadratic forms in L?

(Awy, wi)

when A belongs to a more refined class of “testing operators”

28



Defect measures

(e.g. Di Perna, Majda)

Defect measure
wp € L2.(Q),  wp —w in D'(Q)
v = |wg — w\2 — v = defect measure of wy,

wi(z) = P, €540 v = dx = Lebesque measure

29



A€ Py, K(H))

class of pseudodifferential operators

A(w.D)f(@) = [ o, FF(€)e*dg == OPla(z. &)
polihomogeneous
Jj=0

Pm—j (2, 7€) = 17" T pp_ji(x, E)for [£] > 1

whose kernel has compact support

30



Microlocal defect measures
(L. Tartar 1990, P. Gérard 1991)

Defect measure
wy, € L3, (Q), wy —w in D'(Q)
Vg = |wy, — w|? = v = defect measure of wy,

w(z) = e*T0 g5 40 v = dx = Lebesque measure

Microlocal defect measure

w is the microlocal defect measure if for any A € ¥§(Q2, K(H))

im (A(wx =), (e —w)) = [ tr(a(a,u(dode)

k—o0

wi(z) = e*70, L £0 v =dr® gy g

31



Our setting
AEY = AWV =~ 0 weakly in L2(0, T, L*(R?))
we want to pass into the limit in

div(\E* @ \E")

32



Our setting
AEN = A\VVA =0 weakly in L?(0,T, L*(R?))
we want to pass into the limit in
div(\E* @ \E")

— we can associate a microlocal defect measure to \E
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Our setting
AEN = A\VVA =0 weakly in L?(0,T, L*(R?))
we want to pass into the limit in
div(\E* @ \E")

— we can associate a microlocal defect measure to \E

BUT
in \2(AE*, E*), Ais a pseudodifferential operator
homogenous only with respect to the x and we cannot extend it to
a pseudodifferential operator homogenous in (x,t)
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Our setting
AEN = A\VVA =0 weakly in L?(0,T, L*(R?))
we want to pass into the limit in
div(\E* @ \E")

— we can associate a microlocal defect measure to \E

BUT
in \2(AE*, E*), Ais a pseudodifferential operator
homogenous only with respect to the x and we cannot extend it to
a pseudodifferential operator homogenous in (x,t)

we have to work on \E* in order to
isolate the components that oscillates fast in time

4

we introduce correctors of the electric field

32



Electric field equation

N0y BN + B = div A71V div (p)‘u)‘ ®ut + ()1 — NE g E’\)

)\2
+ 5 div (|EM?H) — 9V dive) = F?,
By using Duhamel's formula
t A
E}\(t’ x) _ M (67;75;8 . efit;s) ds
0 22)\

51A($) it/ A 5@(5’3) —it/\
Te +Te ,

Jr

£ and &' are two functions in L2 defined by the initial data of E*.

1
The L?-mass of A\E* concentrates around t = —

A

33



Definition of the correctors
E} =Xe "R BN = 2R

They take into account of the L2-mass of A\E* around 1/\.

Ej\r —~ BT, E* ~ E~ weakly in L?

So if we look at the limit
AEN — A ET — e ET as A — 0

we take away the L2-mass of A\E” which concentrates around 1/).

ET and E— are the correctors )
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Microlocal defect measure for \E*
(isolating space oscillations)

—~ N . o
E)\ — E)\ - 67,t/)\T - e_Zt//\T
AEY =0 weakly in L2(0, T, L*(R®)).

The weak convergence of AE\ is caused only by spatial oscillations
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Microlocal defect measure for \E*
(isolating space oscillations)

—~ BT N
E)\ — E)\ - 67,t/)\T - e_Zt//\T
AEY =0 weakly in L2(0, T, L*(R®)).
The weak convergence of AE\ is caused only by spatial oscillations

4

we can introduce the microlocal defect measure in space for AEA
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Construction of the microlocal defect measure

= since E* is defined only in (0,7, we need to extend it to 0
out of this interval

= cut-off the frequencies greater than a certain quantity

w = TRINEN] = AF 'y 0.0 FINE]
=~ lim %/dtgé(t)(AwA,wA) =0 lim® dto(t)(Aw™, w*)> 0
_)

A—0

= lim / At (1) (ANEN AN = (B (dt, da, d€), 6(t)a(, £)).
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Where we are?
Convergence for Qu’

m Compactness for \E* = AV

P (8t(p’\u’\)+div(p’\u)‘ @ uM)+V (M) =pAur+ (v + p)V divu + p/\VVA>
4

P (p u’) +P div(p v u’) —pAPu = P div WVA ® WvA

/

P ou + (u-V)u — Au = )
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Where we are?
Convergence for Qu’

m Compactness for \E* = AV

P (8t(p’\u’\)+div(p’\u)‘ @ uM)+V (M) =pAur+ (v + p)V divu + p/\VVA>
4

/ WPU ~ Piv WV%@WVA)

8tu+ (w-Vu — Au = div(ET @ ET + E- ® E7) +div (VF, €|g®2§>>
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Theorem

Let (p*,u”,V*) be weak solutions of the NSP system, then

o p* =1 weakly in L>=([0, T]; L5(R?)).

There exists u € L°L2 N L7HL, st. v’ — u weakly in L?H}

Qu" — 0 stronlgy in L2L%, for any p € [4,6).

o Pu* — Pu = u strongly in L?L?

loc,x

@ There exist correctors Et, E— and a defect measure v/,

associated to E* = A\VV* s.t. u = Pu satisfies in
D'([0,T] x R3)

P((?tu —Au+ (u-V)u—

div(E* ® E* + B~ ® B") — div (/F, © ®~£>) =0

38



Who are the correctors?

1= The correctors £+, E~ remain important as A\ — 0 and are
not vanishing.

= They correspond to the physical phenomenon of the high
frequency plasma oscillation.

15 The effect of ill prepared initial data appears through E+, £~
and remains important for all times.
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Who are the correctors?

If (p*,u?, V) satisfy for s large enough
p

lp* = Ulzerme@sy C  INEM peoomsmsey < C

then for all s’ < s —2

u/\—l,e_it/)‘E+—l_eit//\E* — v strongly in C°(0, T, HS ~*(R?))

i i loc

NE —e g ¢/ E=) — 0 strongly in C°(0, T, Hs/_l(R?’))

loc

and E7 satisfy

HET — AET + Qdivw® E¥) =0, PE*=0.




Remark 1: Well prepared data

A A
/R3 lPo — 1’2X(|p3_1|§5)d9€ + /R3 lho — 1’7X(|p3_1>5)d1’ < MA
divug =0

I/ pouo — wollFs < MA AVVG'[72 < MA
I

No oscillations = Strong Convergence
A 1)? d A dx < M\
- 1P = 1"X (o> —1<0)d + - 1p" = 1"X(pr—1>0)dx <

IV u? — ull oo 0,1:12) + H/\V)\”%OO(O,T;L2) < M(T)AmiL/21/0

40



Remark 2: What happens in a different domain?

T3 = (R/Z)® is the 3-dimensional torus
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o we introduce correctors in T? in order to take away the mass
that concentrates around 1/

o we construct the microlocal defect measure v¥ in T3 by
means of Fourier series
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o we introduce correctors in T? in order to take away the mass
that concentrates around 1/

o we construct the microlocal defect measure v¥ in T3 by
means of Fourier series

D Convergence for Qu*

o it is related to the acoustic equation
1
8tt(7>\ — AO’A —+ —f())‘ = F/\
22
but......clearly
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Remark 2: What happens in a different domain?

T3 = (R/Z)® is the 3-dimensional torus

m Compactness for A\E* = A\VV*

o we introduce correctors in T? in order to take away the mass
that concentrates around 1/

o we construct the microlocal defect measure v¥ in T3 by
means of Fourier series

D Convergence for Qu*

o it is related to the acoustic equation
1
8tt(7>\ — AO’A —+ —f())‘ = F/\
22
but......clearly

in T3 there are NO dispersive effects!!
Great difficulty: small divisors problem
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