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Crowd Dynamics

p = p(t, x) crowd density:
people in Q at time t] = t, x)dx.
p
Q

Orp + divy (p \7(t, X, p)) =0
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Crowd Dynamics

p = p(t, x) crowd density:
people in Q at time t] = t, x)dx.
p
Q

Orp + divy (p \7(t7 X, p)) =0

veR
vl =1

p(t,x) € [0,1]
p(t) € L1(R; [0,1])
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Crowd Dynamics — V(t, x,p) = v (p(t, x)) V(x)
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Crowd Dynamics — V(t,x,p) = v (p(t,x)) V()

(Kruzkov Theory applies)

(Facchi: Thesis, 2008)
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Crowd Dynamics — V(t, x, p) = v(p(t) ¥ 1) ¥(t, x)

Orp + div (p \7(t, X, p)) =0
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Crowd Dynamics — V(t, x, p) = v(p(t) * 1) ¥(t,x)

Orp + div (p \7(t, X, p)) =0

Theorem
If: v, V sufficiently smooth
n smooth, n > 0 with compact support and [n =1
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Crowd Dynamics — V(t, x, p) = v(p(t) *n) v(t,x)

Orp + div (p \7(1‘, X, p)) =0

Theorem
If: v, V sufficiently smooth
n smooth, n > 0 with compact support and [n =1

Then: thereis a Lipschitz semigroup (t, po) — Stpo
v’ defined for all t € [0, 400
v differentiable w.r.t. p,
V' DSi(po)ro = Ltro with ¥ semigroup generated by

Oer + diV(f V(t,x,p) + p DV (t,x, p) r) =0, (p = Stpo)

(Colombo, Herty, Mercier: ESAIM COCV, 2011)
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Crowd Dynamics — V(t, x, p) = v(p(t) *n) v(t,x)

Orp + div (p \7(1‘, X, p)) =0

Theorem
If: v, V sufficiently smooth
n smooth, n > 0 with compact support and [n =1

Then: thereis a Lipschitz semigroup (t, po) — Stpo
v’ defined for all t € [0, 400]
v differentiable w.r.t. p,

V' DSi(po)ro = Ltro with ¥ semigroup generated by
Our -+ div (1 V(£ x, p) + p Dy V(t, X, p) 1) = 0, (p = Sipo)
(also for n populations!)
(Colombo, Herty, Mercier: ESAIM COCV, 2011)

(Colombo, Lécureux—Mercier: Acta Math.Sc., 2011) AColomt



Crowd Dynamics

Bep + div (pv(t,x,p) V(t,x)) =0
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Crowd Dynamics

Bep + div (pv(t, x, p) V(t,x)) =0

Paths should not be prescribed a priori!

avoid
+ high =0
density

<
—

x
~—

Oep + divy | pv(p)
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Crowd Dynamics
Bep + div (pv(t,x,p) V(t,x)) =0

Paths should not be prescribed a priori!

- K Vx(p*n)
\/1 + HVX(P * 7])H2

Op + divi | pv(p) | V(x)
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Crowd Dynamics
Bep + div (pv(t,x,p) V(t,x)) =0

Paths should not be prescribed a priori!

_ k Vx(p*xn)
VIV )

Op + divi | pv(p) | V(x)

NonLocal Route Choice
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Crowd Dynamics — NonLocal Route Choice

Bep + divy | pv(p) (V(x) r Valpx ) ) =0

119l
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Crowd Dynamics — NonLocal Route Choice

Kk Vx(p*n)

- =0
\/1 + Hvx(p % 7])H2

Orp +dive | pv(p) | V(x)

Theorem
If: is smooth, non decreasing, v(0) =V, v(p) =0;
is smooth;

is smooth with compact support;

I <! <
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Crowd Dynamics — NonLocal Route Choice

Orp +dive | pv(p) | V(x)

Theorem
If:

Then:

I <! <

NENEN

K Vi(p*n)

- =0
\/1 + HVX(/) % 7])H2

is smooth, non decreasing, v(0) =V, v(p) =0;
is smooth;
is smooth with compact support;

Existence, Uniqueness in L1
Lipschitz Continuous from Data and Equation
Viability (discomfort)
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Crowd Dynamics — NonLocal Route Choice

Orp +dive | pv(p) | V(x)

Theorem
If:

Then:

I <! <

SSENEN

K Vi(p*n)

- =0
\/1 + HVX(/) % 7])H2

is smooth, non decreasing, v(0) =V, v(p) =0;
is smooth;
is smooth with compact support;

Existence, Uniqueness in L1

Lipschitz Continuous from Data and Equation
Viability (discomfort)

(Colombo, Garavello, Mercier: M3AS, 2012)
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Crowd Dynamics — NonLocal Route Choice

K Vi(p*n)

- =0
\/1 + HVX(/) % 7])H2

Orp +dive | pv(p) | V(x)

Theorem
If: v is smooth, non decreasing, v(0) =V, v(p) =0;
vV is smooth;
n  is smooth with compact support;
Then: Existence, Uniqueness in L1
V' Lipschitz Continuous from Data and Equation
v’ Viability (discomfort)

(also for n populations!)

(Colombo, Garavello, Mercier: M3AS, 2012)
(Colombo, Lécureux—Mercier: Acta Math. Sc., 2011)
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Crowd Dynamics

t = 0.000
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Crowd Dynamics

t =1.010

RMColombo



Crowd Dynamics

t =2.118
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Crowd Dynamics
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Crowd Dynamics

T 6252 pice = 4470
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t =6.253
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Crowd Dynamics

t=28.774
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Crowd Dynamics — Braess Paradox
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t =11.396
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Lanes formation — Two Groups of People Crossing

1 i oo [ ol(y) — _suViptsn) e V(p*sm) _
dept + div | ptv(ph) (v (x) SVt \/1+HV(02*77)H2> =0

1 2
0 p2 + div ,02 V(pz) \72(X) - e21 V(p'*n) . €22 V(p?*n) —0
t N RV e

- 1 3 3

T=lol T moy) =127 1= @] x g g0 Y)
-1 € = 03 e, = 07

> _ B 11 12

v 0 +(5 V(p)—4(1 p) €1 = 0.7 Eop = 0.3
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Lanes formation — Two Groups of People Crossing

Film
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Cluster formation — Part of an Audience Leaves a Room

atpl + div pl V(pl) \71()() — € % =0
L[|V (p2n) |

Dep? + div | p? v(pz) \72(x) —c L’l)2 —0
1+HV(p1*n)”

VS =

of T8 mbaxe)= (1= (207 1= )] x_g 5 05p(3:¥)

ve=9 v(p)=4(1-p) e =03
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Cluster formation — Part of an Audience Leaves a Room

Film
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Crowd Dynamics
Measure Valued NonLocal Crowd Models
Crippa, Lécureux—Mercier: NODEA, 2011
Cristiani, Piccoli, Tosin: Multisc. Mod. & Simul., 2011
Piccoli, Tosin: ARMA, 2010

Constrained Desired Velocity, Gradient Flow
Maury, Roudneff-Chupin, Santambrogio: M3AS, 2010

1D Approximate “geodesic”
Di Francesco, Markowich, Pietschmann, Wolfram: JDE, 2011
El-Khatib, Goatin, Rosini: ZAMP, to appear

With Acceleration Equation
Coscia, Canavesio: M3AS, 2008

Reviews
Bellomo, Dogbé: M3AS, 2008
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Individuals vs. Collective
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Shepherd Dogs

h.c.l. for sheep density p

o.d.e. for dogs’ positions p1, p2
Initial sheep distribution

Initial dogs’ position
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Shepherd Dogs

h.c.l. for sheep density p

o.d.e. for dogs’ positions p1, p2

Initial sheep distribution
Initial dogs’ position

Orp + divk | pv(p)

131l

p—v(p)

p(0) = po

POV A G 77)) :
¢1+ R
p(0. ) = Xg 5. ()

R p 0 (Ll
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Shepherd Dogs

Film

RMColombo



Shepherd Dogs

h.c.l. for sheep density p
o.d.e. for dogs' positions p1, po
Initial sheep distribution

[13l]

p—v(p)

Initial dogs' position 0l

Orp + divy | pv(p)
1+ HX||

(V(p=*n)™

pa = Vq >
e ooy
p0.%) = Xgg1) (%)

P(0) = po

R p 0 llzl

’YZ V(x — pq) =0

d=1,2
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Shepherd Dog — without p.d.e.s
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Shepherd Dog — without p.d.e.s

A Sheep:
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Shepherd Dog — without p.d.e.s

A Sheep: x = x(t)
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Shepherd Dog — without p.d.e.s

A Sheep: x = x(t)
A Wandering Sheep:
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Shepherd Dog — without p.d.e.s

A Sheep: x = x(t)
A Wandering Sheep: X € B(0, ¢)
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Shepherd Dog — without p.d.e.s
A Sheep: x = x(t)

A Wandering Sheep: X € B(0, ¢)
A Shepherd Dog:
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Shepherd Dog — without p.d.e.s
A Sheep: x = x(t)

A Wandering Sheep: X € B(0, ¢)
A Shepherd Dog: E=¢(t)
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Shepherd Dog — without p.d.e.s

A Sheep:
A Wandering Sheep:
A Shepherd Dog:

Sheep & Dog:

m

X
X
£

RMColombo



Shepherd Dog — without p.d.e.s

A Sheep: x = x(t)
A Wandering Sheep: X € B(0, ¢)
A Shepherd Dog: E=¢(t)

Sheep & Dog: x € v (&(t),x) + B(0,¢)
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Shepherd Dog — without p.d.e.s

A Sheep: x = x(t)

A Wandering Sheep: X € B(0, ¢)

A Shepherd Dog: E=¢(t)

Sheep & Dog: x € v (&(t),x) + B(0,¢)

Differential Inclusions

(Aubin, Cellina: Differential Inclusions, 1984)
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Shepherd Dog — without p.d.e.s

A Sheep: x = x(t)

A Wandering Sheep: X € B(0, ¢)

A Shepherd Dog: E=¢(t)

Sheep & Dog: x € v (&(t),x) + B(0,¢)

Differential Inclusions

(Aubin, Cellina: Differential Inclusions, 1984)

‘ Confinement Problems‘

(Bressan, Zhang: Set Valued and Var. An., 2012)
(Colombo, Pogodaev: SIAM J. Appl. Dyn. Syst., 2012)
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Shepherd Dogs — Differential Inclusions

Film
Successful RMColombo



Shepherd Dogs — Differential Inclusions

Film
NOT Successful RMColombo



Shepherd Dogs — Differential Inclusions

Film
Movement
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Differential Inclusions — Confinement Problems

K =f(K,¢)
K(0) = K,

QuasiDifferential Equation
(Colombo & Guerra: DCDS, 2009)

The state K is a compact set
Regularity of K? (from t, Ko, £, ...)
Measure/perimeter of K7
Controllability?

(Colombo & Pogodaev: Preprint, 2012)

RMColombo



Thank You!
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