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Hadeler-Kuttler Model [KH99]
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Sand Falling on [.45, .55] × [.45, .55]

vt −∇.(v∇u) = −(1− |∇u|)v + f, on Ω× (0, T ) (1)

ut = (1− |∇u|)v, in Ω× (0, T ) (2)

with u0 = 0 on Ω and u = 0 on ∂Ω
(a) Standing layer:u(x, t) collects the amount of matter that re-
mains at rest
(b)Rolling Layer: v(x, t)represents matter moving down along the
surface of the standing layer. The stationary system (E) for the above
system is given by:

−∇.(v∇u) = f in [Ω]
|∇u| = 1 on {v > 0}
|∇u| ≤ 1, u, v ≥ 0 in [Ω]
u = 0 on ∂Ω

No Uniqueness for Stationary solution u if stationary solution v = 0

Techniques Used-1 dimension
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Structure of the Reimann Problem for the system

Discretization of (2)

 

2 dimensions,Numerical Physical Estimates 

Use common indexed vi for v.

ov Flux for |ux|

ut = (1− |ux|)v ≈ vi

Discontinuous Hamiltonian due
to v.Use Discontinuous Gudon-

Gives Monotonicity.Extendable to

Discretization of (1)

 USE [Adi04]

USE  [NHR09]

Use Discontinous Flux for
discontinous cofficient −ux

vt − (vux)x = ..... + f

Define Bi =
∫ xi

0
f(s)ds

Include Source term f with (−vux)x.

Use [Adi04] for Discontinuous Flux idea and [NHR09]for source term.

un+1i = uni −∆tvni (−1 + Gudonov Flux for|w|)ni ) = uni −∆tGn
i (3)

Bi ≤ Bi+1, F1(v) = −αni v −Bi, F2(v) = −αni+1v − Bi+1.

vt + F2(v)x = 0vt + F1(v)x = 0
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Figure 1: Reimann Problem for v at xi+1
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 of a weak solution can’t be guranteed.
Existence Condition is NOT satisfied.Existence 
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Techniques Used- dimension 2

 

vt − (vux)x − (vuy)y = ..... + f1 + f2

Include Source term f2 with (−vuy)y.

Include Source term f1 with (−vux)x.

Use Discontinuous Flux for

Use Discontinuous Flux for
discontinuous cofficient −uy

discontinuous cofficient −ux

Define By
i,k =

∫ xi

0
f1(x, yk+1

2

)dx

Define Bx
i,k =

∫ yk

0
f2(xi+1

2

, y)dy

• CalculateHx andHy as in 1 dimension by solving Reimann Prob-
lem for v in each direction .

•Bx
i,k = Bi for a fixed k,B

y
i,k = Bk for a fixed i

f1 = f

f2 = 0

f1 = 0
f2 = f

f1 = 0

f2 = f

f1 = f
f2 = 0

Division of f = f1 + f2 on [0, 1]× [0, 1]

• Technique for Equation 3

 
 

v in x-direction v in y-direction

vx vy

v
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2

ov Flux for (uy)
2

Gudon

Gudon

Stability Results

• (positivity and monotonicity in u): un+1 ≥ un ≥ 0

• (positivity in v):vn ≥ 0

• (gradient constraint in u):sup
i,k

An
i+j,k+j1

≤ 1∀j, j1 ∈

Z−UZ+,where j, j1 depend on signs on indices of α and β,where
un+1 = un −∆t ∗ (1− vn+1(−1 + An) under theCFL condition

λ ≤ min(
1 + ∆t(||Duni,k|| − 1)

|αni,k| + |βni,k|
,
1

C
)

where C = sup
i,k

vn+1i,k (|αni,k| + |βni,k|)

||Duni,k||
, ||Dun|| =

√

((αn)2 + (βn)2)

Numerical Results
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Figure 2: The pile support expands before its slope becomes
critical,as expected from the physical behaviour,f=.5.N=100
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Figure 3: f=.5/1/1.5/2,plots of stationary ui[−] compared with
distance function d[–] and the minimal solution u∗[-.-]

0 ≤ f1 ≤ f2 in suppf ⇒ u∗ ≤ u1 ≤ u2 ≤ d in[0, 1]

Comparsion of Steady states and CFL with [FV06]
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Comparision of exact Steady State Solution v acheieved by both the schemes with supp f = [.18, .22]U [.78, .82], f = .5

 

 

Finite Volume Scheme−Discontinous Flux
Finite Difference Scheme−Vita
Exact Steady State Solution−v

Figure 4: Comparision of exact steady state v with steady state
v by (3) and (4) and finite difference scheme by [FV06]
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Discontinous Flux Scheme Finte Difference Scheme[FV06]

N Nf=1 f=2 f=3 f=1 f=2 f=3

• Since,max[0,1]v depends on f ,the CFL decreases as f goes
higher,but our scheme doesn’t make it decrease as rapidly as men-
tioned in [FV06].CFL λ ≤ min(.5, C

||f ||∞
) where||v||∞ ≤ C||f ||∞ is

used.

•HOW TO DETERMINE C AT EACH TIME STEP?

• [FV06] uses C = 6.It does not work for all values of suppf and
for large values of f.

Numerical Experiments: Dimension 2

Discontinous Flux Scheme Finte Difference Scheme[FV06]
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N f=.5 f = max(0, sin(2πx)
+cos(2πy)− sin(2πxy)

N f=.5
f = max(0, sin(2πx)
+cos(2πy)− sin(2πxy)

Figure 5: Comparision of CFL needed to acheive exact steady
state v by(3) and (4) and finite difference scheme by [FV06] in 2
dimension in case supportf = .5 on [0, 1]× [0.1]
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Figure 6: Sanpile for f = .5
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Figure 7: Sanpile for f = max(0, sin(2πx) + cos(2πy) −
sin(2πxy)
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